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Foreword

The Twenty-Second Workshop on the Mathematical Problems inIndustry (MP1 2006)
was held on the campus of the Franklin W. Olin College of Engirering (Olin College)
during the week of 12-16 June 2006.

The focus of this week-long workshop was the problems by thendustrial participants
on the rst day. Following the presentations, working groups were formed for each problem
consisting of the industrial participants and the array of participants from Olin, the US,
Canada, and the UK. The discussions were typically informaland lively. During the week,
short updates on the activities of each group were presentetb the whole workshop®. On
the last day, summary presentations on the weeks work were gén by a member of each

group. The reports collected here are more detailed descrijpns of the problems and the
progress made on each.

The following four problems were presented and investigate:
Algorithms for Digital Halftoning (IBM)

Development of a Quaternion-Based Algorithm to Process Dad in Robotics Applica-
tions (TIAX)

Mosaic Maps: 2D Information from Perspective Data (AMRDEC)

Steady as She Goes: Reducing Flow-Induced Vibration in Hardisk Drives (Hitachi
GST)

This MPI Workshop was organized locally by Burt Tilley, Mich ael Moody, Sarah Spence
Adams and John Geddes, and with the remainder of the MPI Orgaiizing Committee (Rich
Braun, Lou Rossi, John Pelesko, Tom Witelski, Don Schwendemn, Bogdan Vernescu and
Joseph Fehribach). The Workshop could not have taken place ithout the nancial and
intellectual support of the industrial sponsors: Jacquelhe Ashmore from TIAX, Roger Berry
from AMRDEC, Ferdinand Hendriks from Hitachi GST, and Chai W u from IBM. Lastly,
| would like to thank the Olin community who helped (as always) in a myriad of ways.
Thanks to President Miller and Provost Kerns for their support in bringing the workshop
to Olin. Thanks to the administrative sta in uncountable wa ys: Holly Bennett, Karen
Stone, Paul Coveney for getting the rooms and organizationn place; David Boy, Jonathan
Cass, and Mallory Chua for running the various errands that had to get done that week,
Lannie He for help with the registration web site, Terri Dunphy for keeping the rest of
us sane, and the Facilities crew at Olin for making things runsmoothly. Finally, we are
grateful for the Library sta at both Olin College and MIT Lib raries, whose skill at bringing

the Workshop key resources quickly were instrumental in thedevelopment of the models
presented in these proceedings.

Burt Tilley

Lead, Local Organizing Committee
May, 2007

!Followed by the animated viewing of the World Cup match on the Dining Hall big screen!
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Backward Di usion Methods for Digital Halftoning
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Report Preparation: M. Gratton
Abstract

We examine using discrete backward di usion to produce digial halftones.
The noise introduced by the discrete approximation to backvards di usion forces
the intensity away from uniform values, so that rounding ead pixel to black or
white can produce a pleasing halftone. We formulate our methd by considering
the Human Visual System norm and approximating the inverse é the blurring
operator. We also investigate several possible mobility foctions for use in a
nonlinear backward di usion equation for higher quality re sults.

1 Introduction

Halftoning involves transforming a normal continuous-tone image into an array of black-
and-white dots. These dots, collectively called ahalftone, should resemble the original image
at a comfortable viewing distance in an e ect very similar to stippling in print engraving.
Printers are only binary devices; they either place ink at a bcation on a page or they
do not. In this sense, all printed images are half-toned if tley originally contain shades
di erent from the color paper and ink. While color images can also be halftoned, this
report considers only the black-and-white case, where grayare represented by patterns of
black dots on white paper. There are two di culties in nding a halftone. First, at poor
resolutions, it is di cult to convey varied shades of gray because the resolution constraints
what patterns are possible. Su cient resolution is needed ® that the viewer interprets the
dots as a continuous tone. Secondly, at high resolutions, gerating a halftone requires
operating on very large problems. Modern printers may print more than six hundred dots
per linear inch, meaning a full-page picture may involve an aray of 25 million dots or more.
E ciency in the algorithm used to halftone is therefore essential.

Traditional printing employed screening technigues from the 1890's to the 1980's, where
a photograph of the graphic is taken through a special screeto produce di erent sized dots
to vary the perceived shade [9]. Digital halftoning with uniform dot sizes using computers
has since been the preferred method. Of the new techniquesne of the most popular is
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Backward Di usion Methods for Digital Halftoning IBM

Floyd Steinberg error di usion (FS), where the image is halftoned in one processing pass
over all of the pixels [3]. The di erence between each dot andhe corresponding location

on the picture is distributed according to particular weights to the left and lower neighbors

of the dot, and so \di using" the error. This method produces generally pleasing results,

but has a tendency to produce regions with maze-like patters. These patterns obstruct the

eye's tendency to blur ne detail and harm the halftoned e ect. Research suggests that the
proper distribution of dots should be blue noise, where the pwer spectrum goes like the
inverse of the frequency, to best enhance the perception oht halftone as a continuous-tone
image [9].

First, we establish some basic notation. An imageu isan N M grid of points with
intensities u;; 2 [0;1], where 0O is fully white and 1 is fully black. A halftone h only has
valueshj 2 f0;1g. Each h; represents a decision by a printer to print or not to print a
dot at a location on a page corresponding toi(j ). Since the halftone is generated to please
the human eye, the results are evaluated using a Human Visuabystem (HVS) norm. This
norm operates by blurring slightly both the original image and the halftone then taking the
12 norm of the di erence:

irj XN;M
jihiig = (B(h)j  B(w;)?*; (1)
ihj =151
whereB : RN M 1 RN M s a blurring operator modeling the HVS, usually through

convolution with a two dimensional Gaussian kernel. Better models of human vision are
of possible, but we choose this one because of its simplicitNote that once B is applied
to h, B(h); is no longer necessarily an integer. Since a good halftone i small norm,
searching for anh that globally minimizes jjhjj, is one possible algorithm; however, the size
of the problem makes this computationally infeasible. Instad, algorithms such as Direct
Binary Search (DBS) look for local minima from some starting halftone. DBS is considered
a high-quality algorithm, but the time to converge is too long for many applications.

This report explores a halftoning method that attempts to approximate B 1, a backward
di usion process that sharpens the image and generates nasdue to its instability. This
noise is exploited to provide texture to regions of little variation in the original image. It
works as follows. Starting with an image u, compute B (u) the blurred image. Apply the
approximation to the inverse

c B! 2)

to get C(B(u)). Use the high-frequency noise in this image to generate adif-tone h
C(B(u)). Now, when evaluating the delity of halftone h, the HVS norm computesB (h);;
B (u)jj , but

B(h); B(C(B(W); B(B *(B(W)j = B(uj: 3)

As long as the approximations above are close, the halftone Whave a small HVS norm.

To approximate C, this report explores using a backward di usion evolution equation
whose forward-di usion cousin accomplishes the blurring @eration B (u) by running for
some xed time on initial data u. Running the equation backward in time sharpens the
image, provided this operation can be made stable.

MPI 2006 4 12-16 June 2006, Olin College
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Partial di erential equations methods in image processinghave had several successes.
Di usion techniques in image processing are well know (for mstance, [1]). The celebrated
Perona-Malik equation [7] [5] is a fourth-order parabolic guation that respects edges while
providing some di usion elsewhere. The equations we cons&l are only second order and
rely on the details of the nonlinear mobility function to achieve varied results. Forward and
backward di usion together has also been used in image proasing by Gilboaet. al. [4],
but they apply it to continuous toned images without considering the problem of halftoning.
Sapiro [8] has an overview of the use of PDEs in image processi.

This report will begin by establishing the partial dierent ial equations that will be
used in the image processing and the challenges posed by baged diusion. We will
proceed to discretize those equations and describe how digtization and limiters can be
used to overcome these challenges. Next, we apply the distized equations to images and
produce halftones be either simple rounding or error di uson, presenting the results of
these algorithms. We conclude with a discussion of this PDEased method as related to
established halftoning methods.

2 Partial di erential equation framework

Consider a functionv(x;y;t) continuous in all variables. The restriction of v at a particular
time to an N M grid gives an image. We want to use the continuity ofv to consider
image processing from the standpoint of partial di erential equations. The variablet is an
arti cial evolution parameter, useful for controlling the strength of an operation.
We will focus on the second order parabolic general di usionequation,

@v

— = M\V)r v); 4

o MMy (4)
where M (v) is the mobility function that sets the local rate of di usion based on the value
of v. For forward di usion, M (v) 0 and basic linear di usion corresponds toM (v) = D,
a constant. Boundary conditions should be chosen to preseevtotal image intensity

z
I (v) = v dxdy; (5)

where is the full domain. While periodic boundary conditio ns would easily satisfy this
requirement, there is no reason to believe in general that irages will be periodic, and they
could create artifacts at the edges. Instead, we apply no- x conditions

rvn=0 (6)

at @.

For a given mobility M, (4) can be solved by convolving the initial data with a Greerls
Function [2]. If the Green's Function at some particular time (sayt = 1) is the same as the
kernel used to compute the blurring operatorB, then the action of B can be performed by
solving (4) fromt =0 to t = 1. The details of matching B and the Green's Function will
be discussed later.

MPI 2006 5 12-16 June 2006, Olin College
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This work is primarily concerned with backward di usion, that is to run (4) backwards

in time to approximate B 1. To avoid confusion, we consider

@v

— =T MM)r v); 7

ot (MW v) ()
with t > 0. Again, we impose no- ux conditions (6) at the domain boundaries to preserve
intensity. However, there are serious problems with solvig this equation.

First, the equation is ill-posed. To see this, we compute theFourier transform of the
one-dimensional version of (7) withM (v) = 1 and solve the resulting di erential equation
to get

0(k; t) = Vo(K) exp(kt); (8)

where Wy (k) is the transform of the initial data. All modes are growing exponentially, with
the high-frequency modes growing fastest. The solution wilbecome unde ned instanta-
neously unless we impose a maximum frequendygmax on the initial condition to provide
an upper bound on the growth of the solution. Other molli cations can be performed
on the equation, such as those discussed by Laurent [6], buhise increase computational

complexity.
Second, there are issues with intensity preservation. Takig the time derivative of the
intensity and using (7), 7
d—l = r (M(V)r v) dxdy
dt
z
= M (V)r v nds ©)
@
=0 :

making use of (6) to eliminate the boundary terms, shows thatintensity is preserved. Notice
that the sign on the left side of (7) is irrelevant; the same istrue for (4). However, forward
di usion has a maximum principle and a corresponding minimum principle, so that if initial
data is constrained to havev(x;y; 0) 2 [0; 1], then it will remain in that interval for all t> 0.
For backward di usion, no such principle exists. In fact, while (9) technically is still true, it
is accomplished by allowing the solution to become negativeo as to support large positive
spikes. Thus, there is no expectation that the value ofv(x;y;t) will be in the unit interval
for t > 0. These intensity values outside [Q@1] are not physical and are undesirable.

These two issues, while they seem daunting, are perhaps advageous. The \noising"
aspect of backward di usion provides texture for solid toned patches that would otherwise
be rounded to solid back or white blobs or distracting pattems. In the next section we
show that the discretization can ameliorate the worst of the noise problems and suggests
methods for controlling the solution within the physically relevant range.

3 Discretized formulation

There are many choices one could make in discretizing (7). Wevill guide our choices by
speed and simplicity, as these methods must operate quicklpn very large problems. To

MPI1 2006 6 12-16 June 2006, Olin College
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this end, we choose an explicit rst order in time, second orer in space di erence scheme.
Itis convenientto x X = y =1, as the scale of continuum variablesx andy is arbitrary.
Sincet is arti cial, we will not consider t directly. Instead, we introduce an ampli cation

parameter analogous to
t
=z ¥ (20)
from discretization. The size of and the total humber of time-steps K can be chosen
simultaneously to match the kernel of B.

The discretization is

=<;j+1 = ul G 3+ 3y Jo);
J =M (Ur+1:2;j )(UE(+1 | UE(:J' )
J=M(uf 1=2j Jufj Ul 4) ()
Ju=M (U!‘;,- a=)(Ufa ug)

Ja= M(uly 1)Ul uf o)

u

where eachJ is a discrete ux in one of four grid directions and

u=(+1 =2;j = [UE(;J' + U=(+1 ;j]:2; (12)
the average of the adjacent integer-numbered grid-points. The boundary condition (6)
corresponds to taking the appropriate discrete ux to be zewo. For example, along the left
boundary at i =1, J; = 0. The ampli cation should be positive for backward di usion
and negative for forwards di usion.

As an example, let us suppos® is accomplished through the discrete convolution ofu
with the kernel

1 X2+ y?
G(x;y)= —e : 13
(y)= —exp 1a (13)
where a is the strength of the blur. To simulate this convolution using (11), we choose
M (u) = 1 so that the Gaussian is the Green's function of the related PE and set
= a=K: (14)

This method does not compute the action ofB exactly, but introduces errors of magnitude
O( ). As and K are related by (14), we can choose to take multiple small step for
accuracy or fewer steps for speed. While this is not the most seful method for computing
a convolution, it does suggest how to choose and K for approximating B 1.

Before discussing (11) for > 0, we should note that the simple fact of computing a
discrete solution imposes an e ective maximum frequency orthe initial data for (11) and
the related (7). The highest frequency that can be distingushed on a grid is three grid cells
long (black to white to black, say), and so
2 (15)

kmax

MPI 2006 7 12-16 June 2006, Olin College
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for any initial data ui?j . The issue of the solution taking values outside the unit inerval
can be addressed in a number of ways. One method was to considbe case whereM (u)
was not constant. The initial thought was to chooseM (u) so that where the solution was
in the unit interval the equation acted as a backward di usion, but where the solution was
outside the unit interval the equation acted as a forward di usion. An example of such a
function would be

Ma(u) =4u(l u); (16)

where the constant normalizesM ,(u) to have an average strength of one oveu 2 [0; 1]. We
considered a number of such functions and will discuss themater. One approach adopted
within the discretization was to choose someM (u) while the solution was in the unit interval
but to use a crude \limiter" at any time that the solution stra yed outside [Q 1]. This limiter
was implemented the following way. If after taking a timestep a value of u; was greater
than unity, the excess was redistributed amongst the neighbring grid points. Hence,

=max(0;u; 1)

Uj = 1

U 15 :=Uj 15+ =4

i 1 i1 (17)
Ui+1:;j = Uj+1j + =4

Uj 1:= Uy 1+ =4
Uij +1 = Upj+1 + =4

A similar procedure was adopted ifuj; became negative. The limiter was applied between
iterations in a single pass over all grid points. This procedre forces the value back into
the unit interval, but, because it is applied in a sweep acros the region it cannot guarantee
values remain within the unit interval. The method does however provide strong di usion
to any points that stray outside the physically meaningful range.

As an example of the backward di usion process, we considernito mobility functions,
(16) and

Ma(u)=1; (18)

the former providing backwards diusion for u 2 [0;1] and forwards di usion otherwise,
and the later representing linear backwards di usion applied evenly to all intensities. We
use an initial condition u® that has a region of constant gradient with adjoining portion
of a cosine function, as shown in gure 1. This function has a @continuity in the rst
derivative at point A and a discontinuity in the second derivative at point B. The linear
mobility excites noise at the maximum frequency fastest atA, while the logistic mobility
excites the function fastest atB. Detail of the cosine portion of the initial condition shows
that it is growing slowly, as predicted by the linear analysis. The constant gradient portion
of the initial condition is unchanged except at its edges. Ths happens because regions of
constant gradient will change slowly, as the uxes in (11) wil exactly cancel. While edge-
e ects from the no- ux boundaries will cause slow change, trese regions will not experience
the same noising as the rest of the image.

MPI1 2006 8 12-16 June 2006, Olin College
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Figure 1: Backward di usion in one dimension. The initial condition (A) has a discontinuity
in the rst derivative at A and a discontinuity in the second derivative at B. The linear
mobility function excites the highest frequency (period three) oscillations quickly at A, while
the logistic mobility function excites oscillations fastest at B. Detail of the cosine piece of
u seen in (D) shows that this low frequency is also growing, butvery slowly. In each case,
the area of constant gradient in the middle of the domain is urthanged.

4 Backward di usion halftoning

In this section, we develop the outline of an algorithm for hdftoning and discuss strategies
for picking mobility functions and ampli cation factors.
To halftone an image u®, we do the following:

1. Optionally add a small amount of white noise to break up corstant gradients.
2. Compute B (u® = wP through convolution with the HVS kernel G.
3. Choose and K by (14) so as to matchG.

4. Take K steps of (11) with a reasonable choice oM to produce wK, applying the
limiter (17) after each step.

o1

. Halftone the result to produce h by either

() rounding values to f0; 1g, or
(b) applying Floyd-Steinberg error di usion.

MPI 2006 9 12-16 June 2006, Olin College
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Figure 2: The three mobilities considered for backward di usion halftoning.

Adding noise can accelerate the process, requiring feweratations to produce good data
for the halftoning step, but it also introduces speckles tha make it di cult to have a more
accurate approximation of u as B (h) di ers by at least the added noise from the original
image.

The appropriate mobility function for halftoning is not obv ious. We considered three
possibilities, (18), (16), and

M@u)=1+(u 1=2)% (19)

This third possibility applies at least linear backward di usion to all points, but provides
additional backward di usion for extreme points. This causes faster oscillations in bright
and dark patches to create more variation in the halftone. Italso discards forward di usion
entirely, relying on the limiter (17) to provide correction s for extreme values. Figure 2 shows
each of the mobility functions used.

To test these mobilities, we considered a one-dimensionalrpblem that was a linear
gradient sampled at one hundred locations with a small amouhof mean zero noise applied.
We then applied (11) with di erent mobilities for twenty ite rations. At each step, the data
was post-processed by rounding td 0; 1g, generating a halftone. The results (show in gure
3) show how variation appears from the initial halftone. Initally, the halftone is white
from O i 50 and black elsewhere. As iterations of (11) are applied, th gradient is
broken up, yielding halftones with more variation. A good haftone should have a cluster
of white dots on the left, then gradually increase the frequacy of black dots progressing to
the right. The linear mobility function produces maximum fr equency noise at the point in
the initial condition corresponding to u; = 0:5 and slight variation elsewhere. The logistic
mobility function produces much more rapid change across tk entire domain, leaving the

MPI1 2006 10 12-16 June 2006, Olin College
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Figure 3: One dimensional halftoning of a linear gradient o hundred pixels long with some
small noise added. The discrete scheme was applied for tweniterations. Each of these
twenty steps was post-processed by rounding to produce a hibne which is plotted along
the x axis. The left image was made using the linear mobility functon and shows a slow
growth in variation, while the right image was made using the logistic mobility function
and shows rapid variation that quickly overwhelms the linea gradient.

nal halftone a collection of random dots. Even terminating before twenty iterations, the
result is unsatisfactory.

In two dimensions, we computed halftones using mobility furctions (18), (16), and (19),
then rounding the results. These images appear in gure 4, ang with halftones from DBS
and direct FS. Below each is the halftone blurred by a Gaussia blur, approximating the
image seen by the HVS norm. The image sharpening performed bthe backward di u-
sion makes the blurred halftones from our method look much dser to the original, but
the sharpening also enhances the edges, making the parrot ppar separated from the back-
ground. The linear mobility function image (D, in the gure) produces good results, though
with some visible patterns in the background. The logistics mobility function image (E)
seems darker, owing to the lack of white dots inside the beakLastly, the extreme mobility
function image (F) provides somewhat better shading than (D and better contrast than
(E). The HVS norms of these images are summarized in table 1. Wle the PDE methods
perform poorly in the HVS norm, being an order of magnitude lager than the Direct Bi-
nary Search halftone, the gure shows that they can still be deasing approximations of the
original image.

Another possibility is to use Floyd-Steinberg Error Diusi on to produce the actual
halftone, but use (11) as a preprocessor. By rst blurring, then deblurring the image, certain
features are enhanced, and errors in slow-changing backgrod detail can be reduced. Figure
5 shows a test image that is blurred, sharpened by backwardsidision using mobility (18),
then halftoned via FS, as well as the image fed directly throgh FS. Artifacts visible in the
lower left corner of the unprocessed halftone are not visild in the preprocessed halftone.
The processing results in a crisper halftone, but again su es from seeming to atten the
image through edge enhancement. The HVS norm, due to its bluing, is insensitive to the
maze-artifacts, but reacts to the edge enhancement from thesharpening. The direct FS
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Figure 4: A test image (A) halftoned by several di erent algorithms. Under each image
is B(u), the HVS blur of the halftone for comparison. The methods ae Direct Binary
Search (B), Floyd-Steinberg error di usion (C), backward di usion with a linear mobility
(D), logistic mobility (E), and extreme mobility (F) functi ons.
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Halftoning Method jihii; | Relative to DBS
Direct Binary Search 6.950| 1.000
Floyd-Steinberg 7.798 | 1.059
PDE, M (u) =1 87.177| 3.542
PDE, M (u) =4u(l u) 63.729| 3.029
PDE, M(u)=1+(u 1=2)2 | 72.362| 3.227

Table 1: HVS norm performance of the PDE methods versus DBS ah FS. DBS, being
a search for the halftone that minimizes the norm, has the smbest value. The results in
column three are shown relative to this value. The relative rorms for the PDE methods are
three times as large as for the standard methods. However, prmance in the HVS norm
is not the only criterion for a good halftoning scheme.

image has a normalized HVS of @104 while the preprocessed image has a normalized HVS
of 0:0298, nearly three times larger.

5 Discussion

We have discussed how to apply ideas from partial di erentid equations to image halftoning.
Understanding the HVS blurring operator B as several applications of a discretized di usion
equation allowed us to approximate its inverse through backvard di usion. The principle
problems with backward di usion, namely the generation of noise and the non-paositivity of
the solution are bene cial e ects in this application. Noise generation provides texture to
regions of constant gray, allowing for better halftoning. The lack of a maximum or minimum
principle can be cured by imposing forward di usion on bad vdues, as with (16), or by a
limiter like (17). The later choice frees us to choose a mobitly function that acts more
rapidly, such as (19). However, if intensity preservation s not important, unphysical values
may simply be rounded during the halftoning step.

The proper choice ofM is di cult. Our results show that the most basic choice { line ar
backward di usion { performs very well, though a more thorough understanding of the
kernel for (7) with di erent mobilities may shed light on a sy stematic approach to choosing
this function.

This iterative scheme is not fast, however. Simple one-passrror di usion is K times
faster than our algorithm, and for large problem sizes, thisis limits the usefulness of our
method. This scheme does grapple with minimizing the HVS nam through a novel means.
Better understanding of this norm is essential to produce ajjorithms that produce high-
quality results like Direct Binary Search without the tedio us computation.
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1 Introduction

In order to implement automated control of a robot arm, it is critical to have an accurate
description of the arm's position, orientation, and velocity in 3-space. Such a description can
be facilitated with data about how the arm is aligned with the gravitational and magnetic
elds of the Earth, which will determine two of the axes in the Earth frame E.

Using three accelerometers, TIAX can provide data on the omentation of the Earth's
gravitational eld with respect to the body frame B of the robot arm. The accelerometers
are aligned in asensor frame S which may not be orthogonal. However, the processes by
which the accelerometer data are calibrated, converted irmb gravitational measurements,
and transformed into an orthogonal basis are proprietary. Therefore, for the purposes of
this report, we consider the input to be the body frame data.

Similarly, three magnetometers are used to provide data onlte orientation of the Earth's
magnetic eld with respect to the body frame and three gyrosmpes are used to provide data
on the angular velocities of each axis making up the body frara.

In this work, we focus on the transformation of this data from the body frame B into
the Earth frame E. As described above, the process by which th input (body frame data)
is determined is proprietary, and the process which uses theutput (Earth frame data) to
determine the robot's position can vary with the consumer. However, we do provide some
suggestions for handling these processes in Section 9.

We examine the transformations in four di erent contexts, as described more fully in
the following sections:

1. Euler angles
2. Quaternions

3. Rotations about a single axis
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Figure 1: Body and earth frames for (; ; )=( =6; =6; =23).

4. Transition matrices

We nd that the contexts that do not rely upon angle de nition s are superior. Unfor-
tunately, the consumers often demand the contexts that do.

2 The Euler Angle Formulation

In order to control a robot, engineers must know the positionand velocity of its various
components in the rest frame of the earth E. However, since th sensors are mounted on
the device, we can obtain measurements only in théody frameB.

We assume both coordinate systems to be associated with unitectors B; and E; re-
spectively, wherei = 1, 2, 3. Each coordinate system is further assumed to be righhanded.
Since the sensor body is considered to be cylindrical, we as®e that B; is aligned along
the axis of the cylinder. E; is chosen to be aligned to the horizontal component of magnéat
north, and E3 is chosen to point downward. (See Figure 1).

MeasurementsG B (where the superscript \B" stands for \body frame") are take n from
accelerometers and measurementd B are taken from magnetometers. In order to transform
these measurements into the earth frame, we introduce the sihdard change-of-coordinates
matrix eTg de ned by

GF = Ty GB; 1)
where the superscript \E" stands for \Earth frame." The same relation holds for H. Note
that since we are implementing a rotation, . T, is an orthogonal matrix, so

— 1_ T
ETB - ETB - ETB )

Currently, in order to understand the position of the robot arm, the customer requires a
set of Euler angles which decompose the rotation into three separate rotatiors about three
separate axes. (These Euler angles are then fed into other #ware to determine position
and velocity.)
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pp2 g

Figure 2: Euler-angle decomposition for ( ; ) =( =6; =6; =3). In each case, we look
down along the axis of rotation. Note that each angle is measted in the proper direction
when viewed from the tip of the axis vector.

For the purposes of this manuscript, we assume that the Euleangles are the ones that
transform the Earth frame into the body frame. This seems to ke di erent from what TIAX
does currently, but is consistent with most of the literature. For our purposes, we will use
the sequence of steps which is (believe it or not) alternatgi called the \xyz convention" in
[1] or the \zyx convention” (by most of the rest of the civilized world).

In particular, rstthe Earth frame is rotated a heading(or yaw) angle 2 [ ; ) about
the Es-axis (negative z-axis) to form the intermediate frame B%(the notation is historical).
(See Figure 2.)

Next, the intermediate frame B%is rotated a pitch angle 2 [ =2; =2] about the B°
axis to form a new intermediate frame B. Note that

1. The length of the interval is only ; the reason for this reduction will be explained
below.

2. In some of the literature, is restricted to lie in [0; ]. However, this seems to be
the proper choice for other conventions|for the convention we are using, this is the
proper choice.

3. The choice of interval ensures that cos 0.

Finally, the intermediate frame BCis rotated aroll angle 2 [ ; ) about the BY axis
to obtain the body frame B.

Because we are rotating about the ¥-axis" of our E-coordinate system rst, then the
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resulting \ y-axis", then the resulting \ x-axis", this motivates the terminology \ zyx conven-
tion".
Mathematically, the Euler-angle method decomposes the trasition matrix as follows:

sTe = glgo gl googod g ° 3

For simplicity of notation, we de ne the following matrices :

0 1
1 0 0
E = zTg= @0 cos sin A (4)
0 sin cos 1
cos O sin
E = oJgo=@ 0 1 o0 A (5)
sin 0 cos
0 ) 1
cos sin 0
E = gilg = @ sin cos O0A (6)
0 0 1

Note that:

1. Each matrix contains only one of the Euler angles.
2. Each matrix is orthogonal (for instance,E 1= ET).

3. The inverse of each matrix is equivalent to rotating through the negative angle (for
instance,E 1= E = ET). This convention makes sense only if 2[ =2; =2].

At rst glance, it may seem that the signs in E are not consistent with the other two
matrices. However, if we treat the rows cyclically, then thelast row of E plays the same
role as the second row inE , and hence it contains the positive sin term.

To verify that this is indeed the proper direction, we refer to Figure 3, which shows
the rst rotation from the E frame to the B %frame to the E frame. Examine the triangle
with hypotenuse along E;. Note that the coordinates of the end of the E; arrow will
have coordinates (10;0) in the E frame, but (cos ; sin ; 0) in the B®frame. Thus the
transition matrix interpretation is now correct. Moreover , if one examines the triangle with
hypotenuse alongB {? we see thatB{’= E;cos + E,sin , which is another check.

With these de nitions, we have

sTe = EEE : @)

Thus, due to the nature of the matrix multiplication, the mat rix corresponding to the \x-
rotation" comes rst, then the \ y-rotation", then the z-rotation. This motivates the naming
of this decomposition as the yz convention" in [1].
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AE2

B"2

B"1=E1cos! +E2sin !

\

. E1
(1,0,0) -> (cos ! ,-sin ! ,0)
Figure 3: Rotation about z-axis.
Performing the multiplication in (7), we obtain
0 , _ 1
COS oS cos sin sin
gTg = @ sin sin cos cos sin  sin sin sin +cos cos sin cos A : (8)

CcoS Ssin cos +sin  sin CcosS sin sin sin cos COS coS

This result may be compared favorably to the result in [1], eqiation (A.11xyz) if we note
that

1. Our notation switches the roles of and . Thatis, in[1] isyaw and s roll.

2. The third edition of [1] has a typo in the lower-left entry; the entry is correct in the
second edition.

However, for our purposes it is more useful to have the invels transformation eTg
which is given by
0 i i i i i i 1
COS cOS sin sin cos CcoS sin COS sin cos +sin sin
eTg = BTTE = @ cos sin sin sin sin +cos cos cos sin sin sin cos A :

Sin sin cos COS cCoOs

©)
We now verify mathematically that and are chosen to align the downward axis. We
note that with E3 pointing down,

; (10)
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where g is the acceleration of gravity. This is actually true only in the ideal case. With

measurement errors included, the constantg in (10) would be replaced by jGEj, which

would vary. However, for the purposes of this manuscript we asume thatjGEj = g. This

assumption a ects only our error analysis, and will be discissed further in the next section.
Substituting this result into (1) and using our result in (2) , we obtain

0 1
0
G® = _TL@o0A; (11)
0o .1 0 7
@GEA = g@t5 A (12)
G§ tas

where tj is the ijth entry of _Tg. (Note the transposition operator above.) Then
substituting our result in (8) into the above, we have

o .1 o 1
GT sin

@GS A=g@sin cos A : (13)
GS COS cOS

From the rst equation, we have

B
1G1

= sin F (14)

Note that

1. Since we are performing a rotation,jGBj = g, so the equation is well-de ned.
2. Equation (14) de nes uniquely in the region [ =2; =2], as asserted above.

3. Aslong asj | & =2, the second and third equations in (13) determine uniquely in
[ ; ). (Both equations are necessary to determine the proper qudrant.)

4. If j j = =2, the second and third equations in (13) have right-hand si@& zero and
cannot be determined uniquely.

This last item is one downside to the Euler-angle decomposivn. Algebraically, this can

also be seen by substituting = =2 into (9), in which case we obtain

0

0 sin cos cos sin  cos cos +sin  sin
£Te( = =2) = @O0 sin sin +cos cos cos sin sin cos A

1 0 0

0 _ 1
0 sin( ) cos( )

= @0 cos( ) sin( ) A (15)

1 0 0
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B1 B1
;I_ X
—=07
83///
1 Y
| |
E3 E3
(a) (b)
Figure 4: Degeneracy of Euler-angle decomposition for= =2: (@) (; )=(2 =3; =2),

®(; )=(=3 =6).

Therefore, in this case and cannot be determined explicitly; only their di erence can
be determined uniquely. (See Figure 4; the results for = =2 are similar.) Note from
Figure 4 that in the case presented,B; = Egj. This alignment of the B; and E3 axes is
typical. In this special case, only two rotations are neededo move to the Earth frame; the
third is super uous.

Thus, in any neighborhood of = =2, and take on all of their values. In this
sense, these two points are essential singularities in tersnof Euler angles. The situation is
much the same as what happens on the earth where all values adrigitude are attained in
any neighborhood of the north and south poles ( =2 latitude).

Nonetheless, one may be able to recover the values of bothand at = =2in

a limiting sense as the robot arm moves toward the singular vimes in . The existence of

this trajectory limit depends on whether the arm either moves transverselyto = =2,in

which case and change slowly and approach limiting values, or converselytte arm spirals

into the singularities at = =2, in which case and change rapidly as ! =2.

This result is particularly important if the robot arm physi cally can moveto but not through
= =2.

However, this is simply an artifact of the way we chose to decmpose our rotation; the
rotation itself is unique. As will be seen later, the method d quaternion vectors avoids
this problem. To show that the degeneracy leads to a discontiuity, consider the following
problem:

0Op T2 1
GB=g@ o A;jj 1 (16)
From (13) we see that asj j! O, sin ! 1*,so0 ! ( =2)". Moreover, sin =0, so
=0or = . Since cos > 0, we have from the last equation that cos has the same
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sign as , so we have
im =0; im = : a7
o )
In the error section we will address the sensitivity of the argle calculations to the
coordinates of GB .
Lastly, we demonstrate mathematically that is chosen to align the magnetic axis.
Assuming that and have already been calculated, we may use (7) to break our trasition
problem for H in (1) into known and unknown parts, as follows:

0 1
HE

HE=@ 0 A = _T,HB=ETETETHS, (18)
HS

0 1 0 1
HE HP
E@ 0 A = ETET@HS A ; (19)

HE HE

where we have used the fact thatE; is aligned with the horizontal component of magnetic
north to conclude that HE = 0. (This also implies that HE & 0.) Since the right-hand
side is known, in principle may be calculated from (19). The details are left for the next
section.

3 Implementation and Error Analysis for Euler Angles

Next we describe how to actually compute the Euler angles gien the sensor data, as well
as the errors incurred. has already been calculated in (14). Now taking the ratio of he
last two components of (13), we obtain

AR
|

= tan (20)

B
1G2

= tan —<
G3

sgn( ) = sgn(G3); (21)
where the second equality comes from the fact that cos 0.

Calculating is a little bit trickier. For future reference, we compute th e matrix on the
right-hand side:

0 10 1
cos 0 sin 1 0 0

ETET = @ 0 1 0 A@O cos sin A
0 sin 0 cos 0 sin cos

cos sin sin sin cos
@ o cos sin A : (22)
sin  cos sin CcOS coS
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Substituting our results from (4)-(6) and (22) into (19) and extracting only the rst two
equations, we have that

0 i 10 (1 0 i i i 10 1
cos sin 0 Hi cos  sin sin sin cos Hi
@ sin cos 0A@ 0 A = @ o cos sin A@HS A
0 0 1 HE sin  cos sin  cos cos HE
E  COS _ HBcos + HBsin sin + HEsin cos
H1 sin - HB8cos HEsin (23)

Taking the ratio of these components, we have

H8cos HEsin

tan = B Bain o B o
Hfcos + Hysin sin + HZ sin cos
= fant A (24)
Y2
where
y1 = Hfcos HEsin ; (25)
y» = HPcos + HZsin sin + HZsin cos : (26)
Unfortunately, (24) determines  only up to a factor of . In other words,

(whichever is in the proper range) also satis es (24). When omputing , we used facts
about the sign of certain coe cients to aid us. We can do this here only by knowing the
sign of HE. On a physical level, with one value of , the magnetometer readings have a
positive projection along magnetic north. Since rotates the horizontal axes, with  having
the opposite value, the magnetometer readings have a negag projection along magnetic
north.

In order to resolve the discrepancy, we require thatHE 0, so the magnetometer's
poles are aligned with magnetic north. Then using that fact n (24), we have

sgn( )= sgn(y1) (27)

from the second component of (23).

Now that the angles have been computed, we would like to see oerrors in the mea-
surements GB and HB aect the measurements of the angles. (We were told that the
measurements in any of the components could be expected to Y. an error of around 1%.)
We proceed in order of increasing di culty, beginning with

Our expression ford can be determined easily from (14) as long as we assume that
jGBj is always equal tog. If we allow it to vary, then we would have to take di erential s
of the magnitude of our vector as well. The process for doingHat is outlined in section
6. However, for the rest of the manuscript, we assume thajGBj is always equal tog.
Physically, we are assuming that the accelerometer data weeceive as input has already
been rescaled such that it has magnitudeg, and it is the error in this scaled data that we
use in our analysis.
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Proceeding with this assumption, we note that since is a function only of G§, we have

gsin = GB
gcosd = dGP
dGB
d = gcog (28)
dGB dGB
d = = g (29)
g 1 (GP=g? 9> (G})?

where we can choose the positive square root since cos 0. Equation (28) is the easiest
to compute (since has already been calculated), while (29) has the advantagehat it is
strictly in terms of the data given. Note that the highest sensitivity occurs when j j! =2
(or equivalently, jGZj = g, which means that the sensor is pointing straight up or straght
down).

Now let GB = g dGP. (Note the dierential has to be negative, since jGBj = g.)
Substituting this expression into (29) and expanding, we hae

B B q_—
d= g 95) 9% -0 ge
¢ (g dG§)2 29dG} +
so errors in - remain bounded asj j! =2. This is consistent with our discussion in the

previous section, since the discontinuities were in the othr angles.
is a function of G5 and G§ only, so we have

dtan ) = — =2 dG5+ —2 dG§
)T g w2 “*Teg o
B B 4B
seé d dGBz G2 CBIG3
G3 (G§)?
B 4B B 4B
d = cos? G35 dG5 BG2 dG3 (30)
(G3)?
GBdGE GBdGE _ GBdGE GBdGB
B B_cB\2] B B2 (31)
(G3)?[1+(G3=G3)?] (G5)? +(G§)?
In the limit that j j! =2, G5 and G§ tend to zero. But the limit in (31) is dependent on

how these quantities tend to zero.
To see this, consider

iim GEdGE GBdGE .
(G5:6E) (00) (G5)?+(G§)?
To study the dependence of this limit on the path, suppose rg¢ that G8 = mG5 for some
xed value m. Then G5 cancels top and bottom, and
iim GEdGE GBdGE . mdG5 dGEf:
G568 (00 (G§)2+(G§)2 Gt o (1+m2)GH

MPI1 2006 28 12-16 June 2006, Olin College



Development of a Quaternion-Based Algorithm ... TIAX

(@) (b)

Figure 5: Rotation interpreted in (v; ) context for ( ;; ) =(=6;,=6;,=3). (a) v
(regular arrow) overlaid on Figure 1. (b) Looking down v.

Clearly this result is ill-de ned for any m. Hence the error in (31) is not well-de ned in

that limit, which is consistent with not having a well-de ned value in that limit, either.
The calculation of the errors for are hardest of all, since is a function of H and G

(through and ). If we use arguments analogous to those in (30) and ( 31), wehdain

d = cod y2dy1—2y1dy2 (32)
Y2
g = X dy; 1 dyz (33)
Y1ty
where

dy; = cos dH® sindHE (HZsin +HEcos )d ; (34)

dy> = cos dH 2 +sin sin dH § +sin cosdH £ +(HZsin + HS cos )cos d
+( HPsin +HPcos sin + Hfcos cos )d ; (35)

andd andd are given in (28),(29) and (32), (33). Because of the contrilation from d ,
the same types of large errors will occur here apj! =2.

4 Using Quaternion Vectors

The change of reference frame from B to E is simply a matter of atating the coordinate
frame an angle 2 [0;2 ) about some axis (represented by unit vectorv). (The choice
of range will be discussed later. This is the notation in [1];see Figure 5.) This is the
mathematical underpinning of the quaternion vector approach. There are several ways to
formulate it.
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We note that under the mapping (;; ) 7' (;; ), the matrix in [2], equation (13)
is exactly . Tg. Therefore, we may quote this result:
vZ(1 cos )+cos vivo(1 cos ) vzsin viva(l  cos )+ Vasin
elg = @ vivo(1  cos )+ vssin v%(l CoS )+ cos wov3z(l cos )  visin
vivz(l cos ) vesin wpva(l  cos )+ visin v3(1 cos )+ cos

where
Vi+ vi+vE=1

to ensure that the transition matrix is orthogonal.
Since

cos(2 )=cos ; sin(2 )= sin

the matrix above is invariant under the mapping (v; ) 7! ( v;2 ). This makes physical
sense, since in that case the rotations are the same.

The expression forv can be embedded in a quaternion vectorg = (Qo; 01; Cp; &) as
follows:

g = coszivisinzivasinoivssing (38)
with B+ P+ g+ g=1; (39)

which follows immediately from (37). Note that given a quaternion vector, we would use
the arccos function to determine . Thus the range of the arccos is what motivates the
choice of 2 [0; .
Since
2

cos 5 = cos? sin 5 = sin 5
we see thatq 7! g under the mapping (v; ) 7! ( v;2 ), which we know corresponds
to the same rotation. This double-coveringof all possible rotations is what allows the
quaternions to be free of the type of discontinuities discused in the previous section. In
particular, it is always possible to make the quaternions Iaally continuous (at the expense
of the g to g non-unigueness globally). That isn't possible for the Eule angles, which
cannot be made locally continuous at = =2.

However, note that the ordered pair (v; ) will not be continuous in the data. In
particular, if we restrict to [0 ; ], there will be some rotation where jumps from O to
(or equivalently, v jumpsto v).

Alternatively, we may follow the analysis in [1], p. 155, in which case we have

0
B+ B B 2k QB  2(hs+ Pk)
eTe =@ 2+ ek & G+@ & 2k Gh) A (40)
2(mts %)  2(G+ ) B F B+ B
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since we want the transpose of the matrix in (4.49 in [1]. Keeping in mind the mapping
(; )7'(; )tomatch with that text, the expressions in (A.13xyz) on p. 604 become

_ 05— COS_ 4 Sin — Sin_ sin -
(0 cos > 0052 0052 sin > sin 5 sin > 41)
. = sin > cosE cosE cosE sin > sin E; (42)
_ SN COS— 4 SIN — COS— Sin -
(o)) cos > sin 5 0032 sin > 0032 sin > (43)
B = sinisinécosi + cosz cosé sin 5: (44)
To check our calculations, we checked the value of T, given by (8) and (40) for (; ; )=
(=3, =4; =6).

Note that using the quaternion group does not remove the singlarity if we decide to
move back into the Euler angles. In particular, we let = =2 (0 < 1) and note
that

sin - 1 ; cos - 1+ (45)
4 2 Pzt 2> 4 2 Pz 73

Then substituting (45) in (41)-(44), we have

Qo = 191—é cos; 1+§ cos§+sin§ 1 > sinz
= pl—_cos + —[e])'—_cos +0(?; (46)
2 2 2 2
th = pl—é sinE 1+ > cosE cosE 1 > sinE
= pl—_sm + —pl—_sin S o( 2 ; (47)
2 2 2 2 2
G = 191: cosz 1 - cosz+sin- 1+ - sing
2 2 2 2 2 2 2
= pl—_ cos 4%—_ cos +0(?; (48)
2 2 2 2 ’
B = pl: sin- 1 - cos-+cos—- 1+ - sin—
2 2 2 2 2 2 2
= pl—zsin >+ 2&2 sin J; +0(?): (49)
Therefore, in the limit that ! 0, we may solve (46)-(49) only for the sum , just as

in the previous section. Hence taking a side trip and using tle quaternion vectors, only to
go back to Euler angles for the customer, doesn't gain us anyting from the practical side.
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Moreover, if we combine (46)-(49), we obtain

o & = P5C08 —
G+ = 191——8in ’ ;
2 2

from which we conclude that the left-hand side of each of the hove goesto 0 as ! O.
Continuing to simplify, we have

N

(0 @)+ (q+ g)?

2
+ +
sin = p hr

2 (o @)?+ (o + ®)? |

+ — ein 1 L+ & .
= sin p ; (50)
2 T @2+t B)?
which is in the 0/0 indeterminate form as ! 0. In particular, it has the form

im P
(xy)! (0:0) X2+ y?

which is a well-known limit from multivariable calculus. In particular, it approaches a value
between 1 and 1 as &;y) ! (0;0) transversely, but approaches no xed value as X;y)
spirals into (0; 0).

This problem can also be seen if we establish the inverse réianships to (41)-(44). This
is most easily done by identifying components of (40) with conponents of (9). In particular,
working with the last element of the rst column, we have

sin
sin '(2(w%k  wk)) : (51)

Working with the rest of the rst column, we have

B+¢ ¢ §8 = cos cos
2(up + ) = cos sin
1 2%+ Qo)
GG G G
where the second equality comes from the fact that cos 0. Working with the rest of the
last row, we have

2(hs %)

= tan ;o sgn( ) =sgn(mtp + Gook) ; (52)

2(Qe0 + Qoop) = sin  cos
® ¢ gg+g = cos cos

1 2(R0+ qoo)
G & G+
where the second equality comes from the fact that cos 0.

= tan

;sgn( ) =sgn(eas + God1) ; (53)
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5 Implementation and Error Analysis for the Quaternions

v and are perhaps more useful for physical interpretation rather than for conversion to
the Euler angles. Thus, in practice we may work with the Goldgein formulation (40). To
begin, we de ne theij th entry of _Tg by tj . Then we note from (40) that

tizgttar = 4010 ; (54)
tiz ta1 = 40k ; (55)
tu+ts = 2(F &) (56)
tu tsm = 2( ) (57)

Using the de nitions above, some algebraic manipulation yelds the following four quadratic
equations:

16(c3)% 8(t11 + taa) (t1z t31)?2 = 0 ; (58)
16(cf)? 8(t11 tas)f (tiz+ tz))?2 = 0 ; (59)
16(08)2 +8(t1y + taz)p  (t13 t31)> = 0 ; (60)
16(08)2 +8(t11  tzz)  (tiz+ t3)? = 0: (61)
Using the quadratic formula and keeping in mind that q2 0 we obtain the solutions:
1 p
% = 2 t1+ taz+  (t11+ tag)?+(tiz  t31)? (62)
1 p
¢ = 2 t11  taz+  (t11  tsg)?+(tiz+ t31)? (63)
1 p
% = 2 t1g + t33 (t1n + taz)? + (t1z  t3)? (64)
1 p
G = 2 t11  tas (t11  tzs)?+(tiz+ ta)? (65)

However, these equations are useless for the implementatiaunless we have a relationship
between thet; and the G and H measurements. Fortz; and tss, those relationships are
given directly by (12):

GB
ty = °L. 66
31 o (66)
GB
t3z3 = ?3 : (67)

For the H calculation, we manipulate (18) and examine simply the rst and second com-
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ponents:
0 1 0 1 0
H]I-3 HJI_E tllHJI_E + tng?I)E
@HEA = _TL@ 0 A=@
H?I)3 HE tlng + t33H?I)E
GBHE
tllHJI_E = H]l_3 173
g
GBHE
tisHf = HJ 393
HB GBHE
ty, = 91 L3 (68)
gH7
HB GBHE
tig = 908 2303 =23 (69)
gH7

Note that the second coordinates ofG and H do not factor directly into the equation;
rather, they are handled by the scaling conditions thatjGj and jH| are constant no matter
the reference frame. These equations can also be derived datly from the transition matrix;
see section 6.

With (66)-(67) and (68)-(69) in hand, one can easily solve ag of (58)-(61) for one of the
qz. In nishing the solution process for the remaining quantities ¢, care must be taken to
ensure that the algebraic signs of the components of the quatnion are consistently chosen.
In particular, we note from our previous discussion that both g and ¢ correspond to the
same rotation.

Once ¢y has been determined, then (55) (which is then a linear equatin) can be used
to determine the unique value ofg. Unfortunately, we cannot just solve (63) for ¢p and
proceed, because then we couldn't be sure that our signs ar@wsistent. Therefore, we now
do introduce G» directly by examining the second component of (12):

_G% .
t32 9 (70)

Then combining (66),(67) and (70) using (40), we have

Cptar  Gitzz = [20p(hds o) 20[C0s + o]
®G?  ®G3 _ 2 2\ = 2 2 24 2 —
3 200(p + 0p) = (@ G %+ 1)= otz 1)

®G? @G5 = (G5 9 (71)

1 can then be determined from (71). Finally onceqy, 1, and ¢ are determined, the unique
value of gz can be determined from (54).

To estimate errors in the values of the components of the quadrnion as functions of the
input data (GB;HB), we must rst compute the partial derivatives of the tj with respect
to the data. Using (66), (67) and (68)-(69), we obtain

@% _ . @% _ . @t _ jHE @t _ . .. _4.a
0; @(?— gHE @'f_Hf’ ] =1;3  (72)

@ - 9 ofF
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where j is the Kronecker delta function. Note that none of our expresions depend on the
measurements in theB , direction; this is because these measurements are constrad by
the fact that jGj and jH| must be constant.

To complete the error analysis ofgy, we now compute the di erential (58) with respect
to the data. (The computations of the other ¢ are similar, especially due to the similar
underlying structure of all of (58)-(61)). Taking the di er ential, we have

64 dp 8 (dtyg + dtzs)gs +2(t1g + taz)qodep  2(tzz  tag)(dtyz  dtz) =0

4(dtyg + dtzs)gf + (tiz  ta)(dtzz  dizg)

8o[408  (t11 + tzs)] dop
_ 4(dtyg + dtsz)gd + (tis  tar)(dtis  dtsg)
b = T6[2E  (toz * taa)] B

where

@
G

can be determined from (72).

@
Gl

@
o

@
o

dtj = dG? + dGS + dHB + dH$ (74)

6 Computing the Transition Matrix Directly

We can also use the data immediately to get the transition matix , T.. Recall that from
the de nition of the transition matrix, the columns of  T. are given by the B-coordinates
of the E vectors. But we have from (11) that

0 1
GB 0
ETBF:ETBGBz@OA; (75)
1

where the hat notation is used to indicate a unit vector. So the third column of ;T_. must

be GB. (This can also be veri ed componentwise using (13) and (8).
Similarly, proceeding in a purely algebraic way, we have frm (18)

0 1 1
B

ETBH— = @ o A
HE

1 |-|E:|-||1E
! 0 13.|.
HB HEGSB _
Elp HE HE = ETBAE = @oA; (76)
1 1 0

so the vector in parentheses must be the rst column. However the HJ-E are a priori
unknown. Therefore, we move to a geometric context. We see dm (76) that we need to
remove any component ofH 8 in the GB direction:

Hp = HB (HB GP)GB; (77)
where the subscript \p" stands for \projection". Note that
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1. We don't need to normalize the GB term becauseG8 is already a unit vector.
2. From (77) and (76), we see that

Hf = H® GB (78)
HE jHEB (HB &B)&Bj: (79)

Then we must normalize the result. Thus we have
H B
B _ p .
Af = ik (80)
p
To calculate the second column of the transition matrix T, we note that since it
is orthogonal, the columns must be orthonormal. Therefore,the second column can be
calculated as the curl of the rst two. In particular, we have that
0 1 0 1 0 1
0 1 0
GB AE =@0A @0A=@1A (81)
1 0 0

T

B 'E

so we have the second column, and hence a representation fdret full matrix:
_ B.AB B.AB .
B TE= |qp’é 'qp’é : (82)

This expression can be simpli ed somewhat (since th€5® B part of the second column
will vanish), but we do not do so here. Note that we have choser(B IQE (rather than

AE GB) to get a right-handed coordinate frame.

Onceg T, has been calculated, it is a simple matter to obtainv and , at least up to a
minus sign error. Sinceg T, is an orthogonal matrix, it must have a real unit eigenvector
with eigenvalue 1. This eigenvector must bev, sincev is invariant under the rotation. The
other two eigenvalues must be of the forme ' , since they describe the rotation about the
axis.

The only ambiguity with this system is making sure that you have the right (v; )
pair and that you haven't accidentally negated one of them. But this is easily checked
by substituting the pair into (36) and make sure that the tran sition matrix T is the
transpose of the matrix in (82).

Alternatively, we may construct v directly from the transition matrix. In particular, we
may calculate as before or by using the fact that

tr gTeg=1+€ +e' =1+2cos ; (83)

B
which will give us a de nite value of , since at this stage we may restrict ourselves to a
quadrant.

To construct v, we rst consider a unit vector z 6 cv for any constant ¢, and then
construct
Z, =(gTg gTp)z (84)
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Z, points this way

Figure 6: Visualization of w under rotation.

We rst note that

o Vv=(gTg gTe)z v=2z (T gTe)'v=2z (gTg gTglv=2z (v v)=0;

where we have used the fact thatv is invariant under the rotation. So z, ? v. Moreover,
we have that

2, z=(gTg oTe)z 2= Tgz z z gTg'z= Tgz z Tgz z=0;
soz, ? z as well. Thusz, is a multiple of v z.
To nd the multiple, we note that the length of 2z, is given by
jz2j° = ETBzz+ BTEz2 2eTez ¢ Tg2)=2 1 Tgz Tgz: (85)

To calculate the dot product, we next examine Figure 6. We rst take the dot product
of the projections of . TBTz and ¢ T;z onto the plane perpendicular tov:

eTez ETgz VIV Tgz (Tgz Vv

_ T T
= ETBZ ETBz \Y; TBz ETBz V V cos?2

E

Tz

E B ET

52 ETgz V(v ¢Tg2) €Tsz Tz V)

+ (gTgz V) Tgz V)(v v)=sin? cos2
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sin? (2cos 1)
(eTgV 2)(gTgVv 2z) sin® (2cod 1)
1 (v 2% sin® (2co€ 1)
1 (jvjjzjcos )?> sin> (2cos 1)
2 2sin” (1 cos)

eTez £Tgz (eTaz V)(Tg'z v)

eTeZ £Tg2

1 Tgz TSz

1 Tgz TSz
21 Tgz Tgz

where we have used the fact thatv and z are unit vectors and v is unaected by the
rotation. Then substituting this result into (85), we obtai n

jzoj=2sin sin ; (86)

where we have used the diagram to deduce which sign of sin to se.
Then using the de nition of the cross product and its matrix r epresentation, we have

Zz, = 2(v 2z)sin
0 1 0 1
1 0 tip tar tiz ta 0 V3 V2
>sin @ tor t1o 0 tog 132 Az = @ V3 0 V1 Az
ts1  tiz t32  tos 0 vz vi O
0 1
1 @tsz t23A
= t '
Sen 13t A (87)
tr  ta2
which then gives an explicit expression forv in terms of the tj; .
To perform the error analysis, we rst note the trivial facts that
B _ B B B .
@¢ g @f @@ @  HE
where g; is the ith standard basis vector. Note that for any variable y,
!
d 1 _d 1 _ 1 dH5 Hp)
dy jHE] dy (HE HE)2 — 2(HE HE=2  dy
B’ B’
_ 1 g OHJ _ 1 ne dH 5
, 2ZHEE TP Tdy jHEZ P dy
B’ B
d Hp _ 1 dHp ed 1
dy jHE] jHBj dy Pdy jHE] |
dr B dHB  AB dHB
—p:.lB. Po—E Ay /2 (89)
dy jH5] dy  jHp] dy
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Now for the variables under consideration, we have

B _ :
@y _ 5 g aBape & @ey pe oaE &
@@ g g
. HPGPrHie (90)
g
@-IE h GB B GB B GB !
= e  GB+HEB 0 6B+ H 0
@ € e
= ¢ GBGB; (91)
where he have used (78) and (88). Then taking the dot productsn (89), we obtain
!
ae @y ae HEGB+ HEe _ HEMD) ©2)
" o¢ P g g
@'lB
Ay @—,; = Ap (e GPG®)=(RHP); (93)
|
where we have used the fact thatH 5 and G® are orthogonal.
Substituting (90),(91) and (92),(93) into (89), we obtain
" # !
@GP _ 1 HPEB+HEe AR HEMD)
@& JHB] g JHBI g
_ HEGB+HEe HEME)AE
giHpj '
. hEmomeet e (H)fp _('qu.)"qg (94)
g giH ] jHBj
G o cer Apen e -
Q@ JHB] JHEI jHB

Lastly, to determine the error in the middle column, we compue

" #
@GB HB) @ﬁB @QB i HE i HiBGB
LB e B e

@G @h@ . g giHB]
= éei AY HEGE z)
|
@s® AB) _ @® np. as @F _ g GPGE _ .p
“ew ew O e A gay T¢ w

Then with these expressions, we see that the error in the trasition matrix ; T, is given
by
|
B @&B AB)
@;.a )0 dH®: (97)

CL MY

6 @5 ats AP e
- @G @
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Note that the transition matrix is smooth in the data, which i s correct since the transition
matrix is simply made up of humbers with no angles attached.

7 Matlab Implementation

The group has implemented MATLAB programs that test errors due to measurement noise
for two of the algorithms in the previous sections.
These programs work with four representations of a rotation

1. The transition matrix 5 TE-

2. v and from the quaternion description.

3. The Euler angles.

4. g from the quaternion description.

We have written subroutines that convert among these representations by direct com-
putation:

1.

2.

8.

9.

Giveng T, nd v and using the procedure described in section 6.
Giveng T, nd ( ;; ) directly using (9).
Givenv and , compute ;T directly using (36).

Givenv and , compute q using (38).

. Given (; ; ), computeg T directly using (9).

Given (; ; ), compute q directly using (41)-(44).
Given g, compute, T, directly using (40).
Given g, compute v and using manipulations of (38).

Given g, compute (; ; ) using (51)-(53).

We have also written subroutines that use the data inputsGB and HB to compute
rotations:

1.

2.

Given G® and H®, compute, T, using (82).

Given GB and HB, compute g using Newton's method on the system of nonlinear
equations derived by substituting, T, as de ned in (40) into (11) and (18).

3. Given GB and HB, compute (; ; ) using (14), (21), and (24)-(27).
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To test errors due to measurement noise, we wrote a simulatothat generates the data
inputs GB and HB for a given set of Euler angles, adds random noise, and then as the
subroutines above to try to recover the Euler angles. In the dllowing examples,GB and
HB have measurement noise of 1%. In each case,was xed at =4 and the other Euler
angles (; ) vary over their full range.

It is possible for spurious errors to arise from these angleapproaching the end of their
ranges. For example, if was near 2 and a perturbation in the data would send it to
2 + , that angle would be mapped to , which would (formally) cause a very large error
in .

To eliminate such spurious results, the errors were calcuted as follows. Given a set
of Euler angles (; ), the correspondingG® and H® values were computed using (13) and
(23). Then the transition matrix ;T was computed using (82). Once the data was
perturbed, the perturbed transition matrix ; T o was computed, again using (82).

Given these two matrices, the di erential angles d ;d ;d ) are then simply those angles
which rotate from the B to B frames. Hence they be obtained from the transition matrix

— T.
BTB_ BTEBTE'

Then we use subroutines 2, above, to convert from the transibn matrix to the error angles.
Since the transition matrix is smooth in the data and isn't a ected by the ranges, the
di erential angles calculated will hence always be small.

There are several ways that one can compute the perturbed tmasition matrix. First,
one can solve for the angles directly as described in method % above. Once the angles
have been computed, it is a simple matter to substitute into Q) to obtain the perturbed
transition matrix. The errors obtained by such a procedure ae shown in Figure 7. Note
that each error is comparable in size to the perturbation of he data. Note also thatd is
somewhat larger than the others, because is dependent on bothG® and HB, while the
other two angles are dependent only orG 8.

Alternatively, given the perturbed data, one can compute the perturbed transition ma-
trix directly as described in method #1 above. The errors obtained by such a procedure
are shown in Figure 8. Given the same random data set, the two mthods produce results
that are identical down to the oating-point precision. The only reason why Figures 7 and
8 di er is because a di erent random data set was used for each

8 Using the Gyroscope

The accelerometer and magnetometer measurements are usemldetermine the Euler angles
at any time t. However, the time rate of change of each of these quantitieis also important.

Because of various errors associated with computation, its better to have stand-alone
measurements of these, rather than taking di erentials of he G and H data. Therefore,

we compute these quantities from gyroscope data, which yiels the quantity

0 1
I
r=@1,A (98)
I
'3
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0.01
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0.01

Figure 7: Errors in angle measurements, angles calculatedsing method #3.

where! ; is the angular velocity about axisi in the body frame Thus this information needs
to be converted into (- ;- ), where the dot indicates di erentiation with respect to t.

Since is de ned as rotation about B, it contributes directly to ! without changing
coordinates. Therefore, we write
0 1

L =@0A : (99)
0

Since! , is measured in the B frame and—is measured in the B frame, we must apply the
proper transformation matrix to relate the two quantities. Thus we have

0 1 0 1 0 10 1
0 0 1 0 0 0

+ = Te@ _A=E @ _A=@0 cos sin A@ _A: (100)
0 0 0 sin cos 0

Similarly, since ! 3 is measured in the B frame and —is measured in the B°frame, we must
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0.02

0.04

0.02

0.04

0.02

Figure 8: Errors in angle measurements, angles calculatedsing method #1.

apply the proper transformation matrix to relate the two qua ntities:

0 1 0 1 O _ 10 1
0 0 cos 0 sin 0
= JTaw@O0OA=EE @0A=@sin sin cos cossin A@QO0A ;
- - sin cos sin  cos cos —
(101)

where we have used the transpose of (22).
Then adding these quantities to obtain the true gyroscopic dta, we have

0 1
Fo= b ekt = W@ _A; (102)
0 _ 1
1 0 sin
We = @0 cos cossin A (103)

0 sin COS CcoS

where W, is the transition matrix from E to B for the angular velocities Here we have
used the form of the vectors in (99)-(101) to note that the rst column of W, is the rst
column of the (identity) matrix in (99), the second column is the second column in (100),
and the third column is the third column in (101).
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Unfortunately, W, is not orthogonal, so it cannot be inverted just by taking the
transpose. Moreover, W is not even invertible if j j = =2. In this case (which we
already know to be problematic), the third column is a multip le of the rst.

Nevertheless, forj j& =2, some work will provide the inverse matrix

1 sin tan cos tan
Wl= w,=@o cos sin A (104)
0 sin sec cos sec

SO 0 1

@ _A= Wy (105)

Note that as promised, the inverse doesn't exist fofj j= =

Since (105) is a linear system, the error analysis is relately straightforward. First,
similar to the argument presented at the beginning of the setion, we do not integrate or
otherwise use the gyroscope data to compute the Euler anglesThus we may consider

(+ + 9 to be independent of (; ; ) in the following error analysis. Then taking the
derivatives, we have
0 1
@ _A = @E@Vg rd o+ —@E@VM o+ W, dE (106)
) 0 0 cos tan in tan
cos sin
% = @o sin cos A (107)
0 cos sec sin sec
0 ] 1
Q. W 0 sin sed cos sec
—EB - @o 0 0 A (108)

@

0 sin tan sec cos tan sec

and the errors in the angles are as described in (28) and (30).

We continue by deriving the evolution equations of the quatenions from the gyroscopic
data. First, consider the basis vectorB;. In the B coordinate frame, its coordinates are
(1;0;0)T, the coordinates ofE in the standard basis. In other words,

Bi= E TB Eq:
Since this is true for each vector, we have (by the propertie®f the rotation matrix) that
Ei =g TeBi; i=1;2;3; (109)

Taking the time derivative of (109) and realizing that the Earth frame never changes, we
have

0=gTeBi+gTeBi: (110)
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But the body frame moves as a result of the angular velocitiesso we have
B;=+ B;j: (111)

Substituting (111) into (110), we have

sTeBi+,Te(* B) = 0
0 1
0 s 1o
(E-LBT-"ETBT)Bi = 0 = @ 's 0 I1A
1, 17 O
E-EBT = ETBT
ele = eTp (112)
el = (113)

where in deriving (112) we have used the fact that the equatia above must be true for all
Bi. Here is that matrix which, when multiplied by Bj, always yields the cross product.

Note that since is antisymmetric, (113) is really only thre e independent equations for
the four unknown components ofq. (The fourth is provided by the derivative of (39).) We
note from (54)-(57) that

tiz+ tar = 4(hB+ k),
ti13 ta1 = 4(p%+ Gd);
tir+taz = 4(p D),
ti1 taz = 4(uw B®):
from which we obtain
GB(tas + tar) + Gu(tar tas) = 4(E+ B); (114)

(s ta1) Cp(tar + teg) = 40(G+ B); (115)
Gi(taz+ ta1) CGa(tar tes) = 4G(F+ &B); (116)

where we have reduced down to three equations for reasons wehiwill become clear later.
For simplicity, we work with (112), which becomes

1 0 10 1
tin tio tas 0 g 1o t1n tiz tis
@ty tr t3A=@ 153 0 11 A@ty ty trg A
ta1 tax ts3 l 12 O t31 tsz2 ts3
tin = tarl 3+ tar! o (117)
tiz = ta3! 3+ ta3l 2 (118)
tas = tu! o+ taly; (119)
tas = izl o+ togl (120)
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Substituting these results into (114), we have

Ap(F+ @) = o tia! o+ tagl 1 togl 3+ tagl o)+ cu( ton! 3+ tag!l o+ tigl o 23! 4)
_ laoptar  cutas) + !o[gs(tss  tia) + ch(tss + taz)] ! s(ggtas + cutos)
o 4R+ B)
_ 'al2op(af + )1+ ! of2ms(af  6B) + w(4auck)] !al 20(cf + )]
4(cg + 05)

| | |

where we have used (40). Using the fact that ¢;; az) 7! ( 03; 1) in the left-hand sides of
(114) and (116), we see that (116) becomes

Pa(htor + Ogtos) + ! ofch(tas  ti1)  Og(tss+ tiz)] !s(dhtas  Ogtor)
4(cf + cB)

L 1[20p(cf + )]+ ' o[ 200( )  e(4anc)] !l 200(cf + cB)]
4(cf + )

%:

P !ou+ !'30p,
> :

(122)

Finally, we substitute our results into (115), which yields

Ap(f+ @) = o tas!z+taalo+tial o tarlg) Qo tar! 3+ tar!z  tysl o+ tog! 1)
o = P1( ootor Gpt2s) + ! o[Qo(taz + t11)  p(tar  ti3)] + ! 3( Qotaz+ cptor)
405 + %)
_ lal 205(G5+ B+ ! 2l200(0F ) e( 4ptp)] + ! 3[20u(05 + B)]
4dh + )
_ !106"'!2(10"'!3(11: (123)
2
With these equations in place, gy can be derived from (39):
20 +21g 2 +23s = O
o = (hth + G + OBC_B): (124)

Qo

The workshop concluded before we had time to derive an errorraalysis for this case.

9 Conclusions and Further Research

In this work, we have analyzed the relationship betweenG®, HB, and the position of a
sensor robot arm. We analyzed the relationship by interpreing the movement in terms
of transition matrices, Euler angles, quaternions, and roations about an axis. We also
produced an error analysis of the dependent variables on thdata.
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Since transition matrices and quaternions are simply made p of scalars, they were
found to vary smoothly with the data. On the other hand, once we introduced an angle
into the analysis, we immediately ran into several problems

The rst (and perhaps most important) conclusion is that whe n reviewing the literature
on Euler angles, it is critical to understand the \convention” (i.e., the axes and order of
rotation) used. This choice will a ect the computation of al | the parameters in the problem,
as well as the ranges of the angles.

In the Euler-angle formulation, an indeterminacy arises wrenj j = =2. In that case
(which occurs whenB ; is aligned either straight up or straight down), only two rot ations
are necessary, so only the di erence between and is measurable. Moreover, in either
the Euler-angle or vector-angle descriptions, each angledctomes discontinuous in the data
as it nears the end of its range. In contrast, the transition matrices and quaternions (which
are based upon trigonometric functions of the angles) vary moothly with the data.

In short: The rotation (as represented byq and T) is continuous in the data. The
man-made convention of choosing angle ranges for, , , and makes these variables
discontinuous in the data.

The immediate conclusion from this fact is that quaternions or the rotation matrix is
the best way to handle the data. Of the two, using the rotation matrix directly is probably
the fastest due to the simplicity with which one can calculate; T, from the data using (82).

Therefore, one marked improvement could be obtained by imgmenting an algorithm to
interpret the movement of the arm based uponT alone. Though TIAX could implement this
as a downstream solution, a major problem is that certain cutomers, in order to integrate
the sensor results into their own systems, require that the Eler angles be output.

We also analyzed the relationship betweert and the movement of a sensor robot arm.
We analyzed the relationship by interpreting the movement in terms of derivatives of the
Euler angles and quaternions. (Interpretations in terms oftransition matrices and rotations
about an axis, though beyond the scope of this manuscript, sbuld follow naturally.)

We did complete an error analysis of the gyroscopic data in tke Euler-angle formulation
and found (not surprisingly) that the variation of ( ;- -~ ) with errors in + was arbitrarily
large asj j! =2. We did not have enough time to complete an error analysis of] with
the data +. Though our experience leads us to believe that the errors Wibe smooth, this
is a fruitful area for further research.

The measurement errors analyzed in this work vary with each fgnal, the frequency
of which is 60 Hz. In addition, there will also be calibration errors associated with these
measurements. We list them below, in addition with some straegies for addressing them:

1. Calibration errors in translating the actual data result s from the sensor intoG, H, and
+ in the sensor frame. One source of these errors is temperaivariation. However,
these variations will occur on a much longer time scale. If tle robot is working in an
environment with large temperature variations, periodic (twice-daily?) calibrations
may be appropriate, if the duration of such calibrations canbe made acceptable to
consumers.

Another source of such calibration error may be due to vibratons or large forces
(accelerations) in the robot arm. However, this calibration is proprietary to TIAX,
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so we have no further information on the process.

. Calibration errors in transforming the sensor frame to anorthogonal coordinate sys-

tem. Again, this calibration is proprietary, so it is unclear how much vibrations or
other accelerations may a ect the orientations of the senscs. If there is little e ect,
then again an occasional calibration should be appropriate

. Calibration errors in aligning the orthogonal sensor frane with the body frame. Since

we have no guarantee that (with errors as described in #2) thesensor frame will

always be transformed in to the same orthogonal frame, this is a separate issue that
must be considered. However, since this is just a rotation been two orthogonal

frames, the mathematical analysis should be quite similar ¢ the sort described in this

report.

. Calibration errors in aligning the Earth frame (as interpreted by the alignment soft-

ware) to the actual Earth coordinate system. Note that neither of these frames is
moving in relationship to one another. Thus, one should be ale to eliminate such

errors by doing a simple displacement calculation, rather han working from an abso-
lute zero. Any drift that might occur (perhaps due to vibrati ons induced during the
robot's work cycle) will occur on a very slow time scale. Agan, a periodic calibration

may be necessary.

. Errors associated with scalingjGj to have length g. These can be addressed directly

using techniques similar to those described in section 6; #agroup just ran out of time
before analyzing them.

Nomenclature

If the same letter appears both in bold and plain text, the variables in plain text are
components of the vector which appears in bold. The equatiomumber where a particular
quantity rst appears is listed, if appropriate.

B:
E:

unit vector describing orientation of body frame.
unit vector describing orientation of earth frame.
. intermediate rotation matrix (4).
. standard basis vector (88).
vector of accelerometer measurements.
acceleration of gravity (10).
vector of magnetometer measurements.

indexing variable.
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j . indexing variable.

g: quaternion vector (38).

e Tg: transition matrix for coordinates from body frame to
t: element of. T, (12).

V: unit vector corresponding to axis of rotation.

earth frame (1).

gW¢ : transition matrix for angular velocities from Earth frame t o body frame (103).

x: dummy variable.
y: dummy variable (25),(26).
Z. intermediate vector, variously de ned (94).
Z: the integers.
ij - Kronecker delta function (72).
. small parameter, variously de ned (45).
: pitch angle of rotation about BS.
. combined angle of rotation.
. roll angle of rotation about B 1.
. heading (yaw) angle of rotation about B$°
. matrix representing + (112).
+: vector of gyroscope measurements (98).

Other Notation

B: as a superscript, used to indicate the body frame.

E: as a superscript, used to indicate the earth frame.

n 2 Z: as a subscript, used to indicate a direction in a reference fime or as an index for a

dummy variable (25).

p: as a subscript onH B, used to indicate a projection (76).

? . as a subscript, used to denote orthogonality (84).
. as a subscript onE, used to refer to the rotation (4).

. as a subscript onE, used to refer to the rotation (6).

MPI 2006 49

12-16 June 2006, Olin College



. as a subscript onE, used to refer to the rotation (5).
_. used to indicate di erentiation with respect to t.
~: used to indicate a unit vector (75).

O used to indicate rst intermediate frame.

00 ysed to indicate second intermediate frame.
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1 Introduction

The US military has a need to nd detailed maps of a speci ¢ regon that is current to within
a few hours. The current technology for this involves Unmanmed Aerial Vehicles (UAV),
which are portable, are easy to maneuver, and can provide inges at standard video refresh
rates. The mosaic software from the Aviation and Missile Resarch, Development, and
Engineering Center (AMRDEC) stitches images viewed from alove by the UAV camera
(30 eld-of-view) providing a composite map of an area of interest as shown in Figure
1. In general, mosaicking is the process of combining multie images to form a single
image, or image mosaic. The image mosaic process involvesogeetrically aligning single
images to create a composite image of a larger area. AMRDEC®s10saic software provides
an almost real-time, composite map of all the images seen byhe UAV camera. This
non-georeferenced map can be georeferenced using a satellinap of the area and either
manually or automatically matching geometric features. The end result is that the UAV
operator has a current, geo-referenced map, of all the areaeen by the UAV camera. The
operator can then zoom in on areas of interest contained on t mosaic map.

However, most UAVs in the eld have a single camera whose foailies along the ray
30 from the fore-aft plane of the UAV. This perspective is idealfor ying the aircraft, and
AMRDEC would like to modify its mosaicking algorithm to use t hese perspective images in
place of top-down images (i.e. 90 from the fore-aft plane of the UAV). Many small UAVs
currently elded by the military are equipped with a forward -looking camera. Adding
a down-looking camera to elded UAVs would be an easy solutia that would facilitate
AMRDEC's current mosaic software capabilities. However, D retro t all the elded systems
would be very expensive.

AMRDEC's mosaic software uses a Real Time Mosaic Processoupchased from Sarno
Acadia to generate a Mosaic. The Acadia processor forms a maie image by:

1. Selecting three or four points in one image;
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Formation of the Mosaic

Frame rotated, scabed,
and ‘stitched” into Single Trame
larger mosaic - from sensor

Figure 1. Example of mosaic image from a downward-looking caera generated by AM-
RDEC software. The goal during the workshop was to determinean algorithm that takes
perspective images and generates a two-dimensional map.

2. Finding the same three or four points in a second image;

3. Determine the translation, rotation, scaling, and distortion between the two images
by comparing changes in the points;

4. Geometrically correcting the second image;
5. Stitching the two images together by overlaying the threeor four points;
6. Removing the overlap from the rst image on the second imag.

The algorithm currently uses the Canny edge/corner image pocessing scheme to iden-
tify numerous possible points for image matching. A Kalman lIter is used to predict the
change in position of these points between images. Three ootir high con dence points are
selected and used in the Mosaic process. The approach curtgnused does not require any
information from the UAV's inertial instruments. This mosa ic process continues connecting
successive images to form a composite, real-time, map of tterea seen by the UAV camera.
This process works well for a downward looking camera. Howey, elded UAVs such as
Raven use a forward-looking camera and sometimes a side-king wing camera. When a
forward-looking camera looks at three-dimensional objed whose height is signi cant rel-
ative to the UAV's altitude, the higher objects are signica ntly distorted in the Mosaic
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UAV Figure 2: Cartoon of shadow' e ect. Since
——— the UAV's eld-of-view (FOV) excludes the

top-down view, there is a region near the
E :, ] structure that cannot be imaged if the UAV
follows a linear trajectory.
S 000
S , 000
7 Fov L amadew | O[]0

image. This was rst experienced when AMRDEC supported a te$ at the Air Force Re-
search Laboratory in which their Mosaic ground station was sed to process video from the
BATCAM (Battle eld Air Targeting Camera Autonomous Micro- Air Vehicle) UAV. Since
the BATCAM UAV contained a forward looking camera, the Mosaic image was signi cantly
distorted.

The distortion is not due solely to perspective di culties i nherent in shifting a forward
looking camera to an overhead view. The mosaicking processust nd a translation,
rotation, scaling and distortion between points on two images. With an overhead camera,
any distortion due to dierences in heights of the chosen traking points is considered
minimal. With a forward looking camera, however, objects of di erent heights require
a di erent perspective shift. If the tracked points have di erent heights, the mosaicking
transformation will warp the resulting image.

There are two signi cant problems with using perspective images to nd two-dimensional
data. The rst is to identify regions of the image that are horizontal (i.e. parallel to the
Earth's surface) and those that are vertical. Although the UAV is equipped with rate sensors
(pitch, yaw, and roll), and altimeter, the precision of these instruments are not su ciently
precise to know the position of the UAV Hence, the relation ofthe current position to a
given reference point becomes less reliable during the igh In addition, the small UAV will
experience signi cant body motion in ight due to turbulenc e and navigational response.
Any algorithm that is developed should not depend on knowingan accurate position of the
UAV.

The second major problem with this camera orientation is \shadowing". E ectively, the
UAV will not be able to image information that exists behind a structure. A cartoon of
this e ect is shown in Figure 1. As the UAV ies over a xed stru cture, there is horizontal
information that will never be viewed by the camera. Obtaining the information behind
these structures will require either the use of a second cam&' or multiple yovers of
shadowed regions. The workshop did not attempt to nd solutions to this second problem.

There were two approaches which were pursued during the wosghop. The rst approach
was to use information on the con dence points over multiple frames in the mosaicking
algorithm to nd the orientation of the edge (or line segment connecting the two points)
with the Earth's surface. Tracking points whose edges are pallel to the Earth's surface

1Some UAVs are equipped with cameras on one of the wings.
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Correlate Use relative Project onto
features =l positioning = satellite view
to correlate

entire image
Correlate Determine Use relative Extract 3D Project onto
features -} relative camera * positioning -) information -) satellite view
parameters to correlate
entire image

Figure 3: Schematic diagram of each approach. The top apprazh does not attempt to store
three-dimensional features of the scene, while the bottom @proach attempts to recreate a
discrete version of the environment. Note that each stage iprone to distortion and error,
which can then propagate to the nal mosaic.

identi es haorizontal surfaces, which can then be used to carect the perspective. The second
approach was to use multiple images to infer the three-dimesional geometry directly. From

this construction, a two-dimensional projection can be redaily determined. A schematic of

both approaches is shown in Figure 3.

In both of these approaches, signi cant questions are stillopen. Firstly, the quality
of the results needs to be explored. In Section 2, we discushé di erent time and space
scales that are present in the problem. An error analysis nes#s to be implemented to
determine what are the bounds for the accuracy of the algorihm. The dominant error
in both approaches (perspective) is present in the current op-down algorithm, and hence
needs to be quanti ed. Secondly, the computational compleiy for either approach needs
to be determined. In both algorithms, the ability to determi ne real-time results based on
the images remains to be explored.

The remainder of the report is organized as follows. In Seatin 2 we formulate the
problem mathematically, and identify relevant parameters. In Section 3, we discuss how
the current solution in the top-down algorithm needs to change for images in perspective
data. In Section 4 we outline the mapping from the physical Eath plane to the image frame,
and then identify geometrical models to describe how movem# of the candidate points
in the image frame relates to the geometry of the Earth frame. In Section 5 we discuss
computer vision techniques to understand how to construct athree-dimensional world-view
of the surroundings, and to nd a two-dimensional projection from that. We conclude in
Section 7.

2 Mathematical Preliminaries
In this section, we focus on the mathematical description ofthe problem, and the relevant

dimensional scales. In Table 1 we outline the relevant lendt and time scales that appear
in this problem. Note that curvature of the Earth scales onH=R 10 #, and hence we can
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assume that the reference surface of the Earth is a plane.

There are two reference frames which are outlined in Figure 4The Earth frame (x;y; z)
is the typical Cartesian frame, with y representing the distance normal from the reference
frame. H denotes the UAV's height above this plane at any timet. The camera, however,
takes images in its own reference frames{ ). The transformation from the Earth frame to
the image frame is inherently nonlinear,

x(;s) H cot( ) QD
z(;s) = Hsesc(); (2)

assuming that the UAV is ying parallel to the ground below.

Note that this transformation may be understood as a mappingof points by rays em-
anating from the UAV through points along the surfacey = f (x;z) to the reference plane
y = 0. The goal of the workshop was to determine from a sequencefamages in the image
frame information about the surfacey = f (x;z) in the Earth frame. In Section 4, the im-
age frame is used to determine information about the geomeyr of the surface in the Earth
frame.

In order to use successive frames to gain information abouthte objects in the Earth
frame, some care needs to be taken. From Table 1, we note that

Time Scales: tf=t,  0:2 suggests that nding rates of change of geometrical variales
(e.g. corresponding to di erent candidate points) through sequential images will be
sensitive to changes in the UAV velocity.

Aspect Ratio: Given the typical ying altitude H, a characteristic feature heightys, then
the aspect ratio = yH—" sin , where is the angle from vertical to the bottom of the
imaged area, provides a measure of how perspective distortee top-down measure of
objects in the image. Note that a straight-down camera over aat terrain (= 0)
no perspective distortion occurs, but increases near the egs of the image. Further
features over a hilly terrain where = O(1), even for the top-down orientation, can
lead to distortion in the mosaicked image. Note thatH ! 1 minimizes this error,
but the resolution scalex, ! 1 in this limit.

There are two values which cannot be determined from an indiidual image. One is an
absolute length scale, while the second is the pitch of the U¥& with respect to the horizontal.
The top-down view algorithm mitigates these by using scalirg and rotation transformations
on sequential images into the frame of the rst image. Hencealthough these quantities
are unknown in all of the images, the current algorithm uses acommon normalization for
all of the images. Note, however, that if the three candidatepoints in the initial image do
not lie in a plane parallel to the Earth, then the entire mosaic is distorted. This problem is
exacerbated by images taken from a forward-looking camerawhere the distortion can be
far worse.

In all of the ideas that follow, additional information about the scene is needed to close
the mathematical formulations. Information about the alti tude of the UAV and the orienta-
tion of the UAV to the ground plane is relevant for simplifyin g each of these algorithms. In
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Figure 4: Schematic of transformations. Top-left: describes the angle at which the camera
views the object. Top-right: angle s describes the transverse angle compared to the central
axis of the UAV. Bottom-left: Image frame. Bottom-right: gr ound frame displayed in image.
The dashed line corresponds to the ground truth when a pinha-camera approximation is
made (see Section 3).

the Section 7, we consider an error analysis based on the sidgst of the models proposed
to get an estimate of the required sampling rate of the instrunentation for these image
techniques to work.

3 Current Algorithm and Perspective Modi cations

Existing algorithms using Canny Edge Detection and Kalman Hlter Tracking are su cient
for this application. AMRDEC currently uses such algorithms to track features from one
image to the next. One potential improvement (if it is not alr eady being done) which was
discussed and implemented in a prototype Matlab script is toimprove the initial guess for
the Kalman lter. The typical Kalman Filter uses the current location of the feature as
an initial guess for the location in the next image. We suggesusing multiple previous
images when available to predict the new positions. Multipe images allow us to estimate
the velocity of the features so that a prediction of the locaion in the new image is much
improved. Such a prediction may speed the Kalman lter by providing a “smart' guess from
which to start the search.
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| Variable (dimension) | Description | Value |

H (m) Vertical distance of UAV to Earth Plane 150

L (m) Horizontal distance from the UAVto = . 150

R (m) Radius of the Earth 6 1P

a (m) Aperature length of camera lens 01

Np Number of pixels 6000

Xo; Yo (M) Characteristic structure length scale 3

Xp = L=N, (m) Pixel resolution scale N, Np) 0.1

V (m/s) Characteristic horizontal velocity 20

ty = Xo=V (8) Characteristic velocity time scale 0.15

te (S) Frame-rate time scale 0.03
(deg) Reference angle with respect to vertical 30 60
(deg) Coordinate angle from 0 30

Table 1: Table of relevant dimensional quantities with typical values.

Once we have feature locations on two images, we must combirieose images appropri-
ately. Combining images is the heart of the mosaic process. @ algorithm is presumably
similar to that used by AMRDEC for overhead camera systems. Gven locations of three
features on each of two overhead images, we transform the sww image to correct for per-
spective change (warping) and translation (shifting) due to the movement of the camera.
The transformation for the three points gives the position d each pixel in the new image
in terms of coordinates from the old image. We interpolate tre warped image values to the
pixel locations of the old image's coordinate system{exteded as necessary. This allows us
to create a new larger image which overlays the two images. Téncoordinate system for the
combined image is the same as for the initial image, allowingeal time overlaying of a new
image without jumping or jitter of the overall mosaic.

Overlaying the images can create \ghosting" if the top imageis made partially trans-
parent. We feel that this is an improvement over the current method of making the top
image opaque. Keeping some information from previous imagegives the viewer a good
indication of the 3D position of objects. It also allows the viewer to see areas which later
get covered as the plane ies over. Transparency levels of 2B0% seem to work reasonably
well.

One problem with the mosaicking algorithm as described heréas that it assumes that
all features in both images lie in the same plane{the plane with passes through the three
tracked features. Since the image is actually a 2D represeation of 3D terrain, problems
arise when the altitude of the three tracked features are diparate.

As an example, suppose the three tracked features are on ldvground. A building
between these points will appear warped by the transformatn. But, if one of the tracked
features is on the building and the other two are on the ground the majority of the image
will appear warped making the resulting combined image unrasonable. This is true for an
overhead camera as well as a front facing camera, but it is micmore problematic for a
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front facing camera since very little of the image lies in thesame plane.
Thus, we suggest transforming the front facing image to an ogrhead one and making
special e orts to ensure that the tracked features have the ame altitude. One major focus

of attention at the workshop was using multiple images (taken by a forward looking camera)
to identify features with the same altitude.

Motivation

One key question of mosaicking is how to glue di erent framesin a robust way, so that
no serious error propagation and ampli cation will occur during the process. Thus, one
generally has to seek certain level of the so-calledground truth as the objective criterion.

It will be the most ideal to be able to completely reconstruct the ground terrain map
from 2D image frames captured by a UAV camera. Several memberof our team have
been working hard to achieve this goal, as reported in other ections. This is, however, a
highly nontrivial task since it involves too many unknown parameters, and is in essence an
ill-posed inverse problem.

In this section, we focus on a very speci ¢ task: how to come upvith an objectivescaling
rule so that the scaled image is proportional to the physicalground size of its imaged area.
In the following, we assume that the pinhole camera is the appopriate limit (see Figure 4).

The Computation

Our starting point is Figure 5, where the camera image squargor CCD plane) and the
corresponding ground truth (the shaded trapezoidal area) ee sketched. Here, we assume
that the camera can be modeled by classical lens relations. Re rectangular image on the
CCD camera actually corresponds to a trapezoidal of area onhte horizontal ground.

rectangular image e

imaged area

Figure 5: Overview of the setup

Let Lhear and L, denote the physical ground-truth lengths of the bottom and top lines
of a captured image, respectively. (See Figure 5). Part of augoal is to gure out their
ratio, without solving any complex vision problem.
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AMRDEC
The merit of our following approach resides in: although duing the computation, various

physical and camera constants are involved, the nal formuh is very clean, and only depends
on the angle of the camera (or equivalently, the UAV).

camera constants: width [DFI=b, focus length (OBl=a.
Figure 6: The physical/ground length L
(vertical) angle

imaged by an image line on the camera with
Instead of being restricted to Lheqr and L¢gr ONly, we will consider the physical length
L of a general image line with angle (See Figure 6).

First de ne two camera constants: the image width b = jDF | and the focal length
a = jOBj. Since the two triangles4 OCE and 4 ODF are similar, we have

L _ JOAj.
b a
Suppose the height of the UAV isH. Then one has

. . L H

H = JOAK j cos; or JOAj= —:
cos

Therefore,

L = b H _ cH
a cos cos '’
In particular, we have

where c = b=ais a camera constant which is not in uenced by the positionirg of the UAV.

Ltar _ COS near

L near COS ftar
which is independent of the constantsa; b; c; H.

In the laboratory example which was given to us (correspondig to the UAV system,
see the left panel in Figure 7), the camera has viewing span &0 degrees, and the central
heading direction of 30 degree away from the vertical. Therfore,
near = central angle

half of viewing span =30 15=15:
far = central angle

half of viewing span =30+ 15 =45 :
MPI 2006
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Therefore, according to our prediction, we should have

Ltar cos(=12)
= =1:366
L near cos(=4)

On the right panel of Figure 7, we have scaled each horizontalmage line according to our
prediction formula. The results amazingly agree qualitatively well with those given to us
from AMRDEC.

original image grourd truth: , =m'4

Figure 7: An example of image scaling according to our formu. It impressively automates
the step which was previouslymanually done by the scientists at AMRDEC.

This is highly remarkable, since rectangular tiles of the oor have been faithfully scaled,
without using any involved image processing tools or patten recognition approaches. Note,
however, that the camera orientation needs to be known in ordr to determine the appro-
priate scaling. This information cannot be found from the image directly.

4 Geometrical Models

4.1 Two-Dimensional Models

As a rst attempt to a ect a perspective shift, we guess an ange between the camera and the
plane of the Earth and derive the transformation needed to sikft to an overhead view. The
transformation involves moving pixels of the image and intepolating between the moved
points so as to create a new image with an approximate overhebview. The transformation
should be exact for images of a two dimensional \planar Eartt. In the following, we focus
on the 2D case

In the 2-D case, we ignore the transverse direction. The plaa of the Earth becomes a
line of the Earth and we need to nd the angle between that line and the line from the
camera to an object in the image (see Figure 4.1). If we trackk objects in the line of the
Earth, we observeK 1 angles ¢ between objectsk and k + 1. If we track these objects
acrossl images, we obtainl (K 1) known angles. Along with the unknown origin angle ,
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,{m"' Figure 8. Schematic of point tracking. No-
tice that for each image, a range of an-
gles 1; 2;::: corresponds to horizontal dis-
tancesxy; Xo;:: .

each image requires that we obtain an unknown distancerz) L2+ H?Z2 from camera to the rst
object x;. Other unknowns are the actual distancesxy from object k to object k + 1. Note
that the xx are xed in space and do not change from image to image. If we asime that H
is known, then we can relate one angle ¢ of each triangle with the length of one adjacent
side andxyx. Thus we haveK 1 equations from each image. Withl (K 1) equations,
and 2 + K 1 unknowns, we see that there is a trade-o between tracking mre points and
using more images. To obtain the origin of with | images, one need& = (31 1)=(1 1)
objects (notel > 1). If we are givenK objects we need = (K 1)=(K 3) images (note
K > 3). Of special note is the case with two images where we mustaick 5 points to obtain
the origin of

In the 3D case, we note that theK points are scattered throughout the image plane. This
means that there existsK (K 1)=2 edges connecting each of these points, whose lengths
can be determined. Thus, if the number of unknowns is given bythe (x;z) ordinate of a
feature, the height H and the UAV orientation ;) for each image (three Euler angles), the
the number of images needed to close the problem is given by= 22K 1)=5K2 K 8).
Extensions to these ideas can be found in the Appendix.

Note, however, that the underlying problem has both translaional symmetries in the
(x; ) (or ground) plane, in addition to rotational symmetries in the UAV orientation. These
symmetries must be removed by a choice of origin in order to dee in terms of the features
of the frame. A simple 2D example is presented below to demotrsite this e ect.

Finding Horizontal Planes

These attempts to orient the camera depend on the tracked olgcts being in the plane (or
line) of the Earth. How do we tell whether objects are actualy above the Earth? What
a ect does the 3-D nature of the imaged objects have on persprive shifts and mosaicking?
Our approach is to track points across multiple images and us the relative motion of these
points to determine points which lie in the plane of the Earth. What we can actually
measure is if the points lie in a plane parallel to the ight of the camera, so by focusing on
points spread throughout the image, we should nd a horizontal plane which represents the
Earth well. These deviations are a source of distortion (se®iscussion).

Viewing how the lengths between points change from image tamhage can help determine
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Figure 9: ldealization of plane building wall and roof DRF and how the lengthsq and w
are related to the angles , , and

which points lie in a plane parallel to the direction of camera movement. To determine the
change in lengths, we analyze how the basic triangle from caera to object to ground
changes during ight. Let H be the vertical distance from the camera to the plane of the
Earth, L be the horizontal distance from camera to object. (See Figug 9). The distances
g and w correspond to the lengths of the edges found in the image, andre assumed to be
known up to a length scale. Initially, we assume that we know ates-of-change information
about the angles, but this is not critical. We also assume th&the height of the plane H
remains xed. This condition is not strictly true, and we dis cuss the impact of changes in
H in the Discussion.
Note that triangles BDR and REP are similar which gives the relation

2= 3
yoH (3)
while similar triangles ACF and FEP gives
q+w X Xx+L
= : (4)

y H 'y

Noting that x;y do not change in time, we can nd how g;w change in time by taking
the time derivatives of (3),(4), and assuming that dH=dt = 0, we nd that

dw y dL

@ TR ya ®)
dg _ _y d_y d_ ©
d¢ = H ydt H ydt

Thus, lengths of edges which represent surfaces parallel the Earth reference plane do
not grow in time. A discrete time version of this analysis returns the same result: for no
changes in the vertical direction of the plane, the projecton g will not vary. Note in that
this formulation we assumed the heights of the roof were parel to the ground plane. This
need not be true.
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Figure 10: General surface analysis of Figure 9

An extension of this approach is shown in Figure 10. Here, wessume that the structure
need not be rectilinear with respect to the ground plane. If ajain we assume that the
orientation and height of the UAV remains xed, then we nd th e following relations for g
and w

X2 X1+ |

q

L = + 7
H Ty @ ya w2 " @
w X1 yil

—_ = + 8
H 1 y1 1 y1 ®

where x;;y; are the x- and y-projections of the structure, scaled on the UAV altitude H,
and | = L=H is the scaled horizontal distance from the UAV to the rst point D.
The ratio
dg=dl _ y>» y1 _ dq
dw=dl yi(1 vyp) dw’

is a xed quantity. If this related rate can be measured through the images, then we can
reduce (7),(8) to

a @ _ X2 dq
H 1y aw ©

(10)

Unfortunately, we are two equations short to nd the unknowns x1;X»;y1;Y2. In the case

where x1 = 0;y1 = Yo, then this reduces to our original formulation above. Note that

no knowledge of the actual distance on the ground can be deterined by this formulation.

However, if the velocity information of the UAV is known up to some error, theny; is known

in terms of w = w® WO the velocity, and the time step between frames. However,

the ordinate x; cannot be evaluated unless information of the plane's orietation (i.e. the
angle) is known.
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5 Mosaicking via 3D Reconstruction

The extraction of 3D information from 2D images is a well estdlished area of computer
vision research. The fundamentals of the mathematics invaled can be found in [1, 2].
Chapters 24 and 25 of [3], describe algorithms for capturingdD information from image
sequences and multiple views. Practical examples of techiagies that extract some (or all)
the available 3D information include Google Earth, Google Maps, Microsoft Photosynth and
Autostitch [4]. Note that the problem of panoramic stitchin g from images with unknown
camera parameters solved in the last example is very similato that of the mosaic.

If a good 3D model could be reconstructed from video images #n the mosaicking
problem would reduce to projecting the 3D model onto an apprpriate image plane (i.e.
the satellite view). In this section we review the ideas in the literature and show how they
could be combined into an algorithm to solve the mosaic prol#m. We also discuss the
computational expense of di erent approaches and make somsuggestions about possible
compromises. The reader should note that the technical detiégs presented here are based on
a cursory review of a large body of literature by a non-expertin the eld. They are urged
to consult the references directly for more accuracy, detds and clarity.

A successful approach based on a complete or partial 3D recstruction would also be
a useful improvement to AMRDEC's existing algorithms for downward facing cameras, as
it would remove the distortion reported for large roll or pit ch angles or non- at ground. It
should also be able to deal well with data from a sideways fang camera.

5.1 Projective geometry

The problem of projecting a 3D model onto an image plane is stightforward and can easily
be solved in realtime using o the shelf hardware for compliated 3D models, as can be seen
in any modern video game, so we will not spend much time disciging it. However, it does
serve as a useful starting point for the inverse problem - thaof taking a 2D image and
reconstructing the 3D model.

The pinhole camera model is a simple model for cameras. It asmes that a (visible)
point in 3D space will appear in a photo at the point where the ne intersecting it with
the optical center of the camera intersects the image planesee gure 11. The parameters
necessary to determine the image are the position of the came, its orientation and its
focal length (the minimum distance from the image plane to the optical center). Given
that we are normally only looking at a rectangular subsection of the image plane, it is also
necessary to know what rectangle of the plane is representdaly the image, or, equivalently,
the image coordinates of the nearest point of the image plané the optical center. Note
that depending on how a photo is cropped, this may not lie at the center of the image or
even within the photo at all.

In practice, commercial cameras can include non-linear disrtion, for example because
the lens is not accurately modelled by a pinhole. Given the nture of this problem presented
by AMRDEC, we will assume any signi cant distortion can be removed by pre-processing
and that the pinhole model is a reasonable one.

Suppose that we have two images of the same scene by two di emecameras. We can
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Figure 11: Image plane representation of a three-dimensiai object with a pinhole camera
model.

associate 3D coordinate frame X;;y;;z);i = 1;2 with each camera such that the optical
center, C; of each camera lies at the origin, the respective image plageare atz; = 1
and x; and y; the match the image coordinates for any point that lies in the image plane.
The points from the camera 1 coordinate system may be transfoned to camera 2 using a
rotation, R and a translation, t, i.e. x%= Rx + t.

Figure 12 shows a pointM appearing in both images with image coordinates {:; 1)
and (p2; @) in the images of cameras 1 and 2 respectively and thus 3D codinates m; =
(pi;g;1). Note that the lines C1M; C,M; C1C, are coplanar and use the above transforma-
tion formula to get the relationship:

mi; (t Rmy)=0: (11)

The cross product may be re-written as a matrix

0 t3 to
t x=TxwhereT=41t3 O t19 (12)
o t1 0
Hence
miEm, =0 (13)

Where E = TR is known as the \essential matrix". Any correlating point be tween two
images produces a new linear equation in the entries dE. It is clear that, barring any
degeneracy, eight points would provide a system of linear agtions that could be solved
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Figure 12: The image of a point in photos taken by two di erent cameras

to determine the entries of E.2 Furthermore, it is possible to decomposeE back into the
translation and rotation, T and R. Thus, eight points of correlation between two photos
are enough for us to determine (up to a scaling factor) the radtive position and orientation
of the two cameras that took the photos.

This is clearly simplistic and takes no account of how to copewith noisy data or false
correlations. Practical applications take as many correléing points as possible and use a
least squares approach to get the best possible t. There ar@lso approaches to eliminate
false correlations. The reader is urged to consult chapter of [1] for a thorough basic
analysis.

Once the relative camera parameters are known, the positionup to a scale and a
rotation) of any points correlated between the 2 images may ke determined. Furthermore,
the images can be \recti ed". This means transforming one orboth of the images so that
their image planes are coplanar. A transformation between e coordinate systems of the
two cameras now amounts to a simple translation in thexz-plane. It is standard to make
the line C1C, horizontal in this new coordinate system. The translation is now purely
in the x direction and any further correlating points must li e on a horizontal line in the
recti ed image coordinate system. This makes the process a&feeking more correlating points
substantially easier.

2|n fact, it is possible to show algebraically that because of the structure of E, only 5 points are needed,
although that is of little practical use.
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5.2 Algorithm

The process of mosaicking via 3D reconstruction may be brokedown into substages, see
the bottom scheme in Figure 3. Take two or more images, correke several points between
them and use the correlation of the points to determine the réative camera geometries for
each image. Once the camera geometries have been establidh&y and map as much as

possible of each image onto a 3D model. Finally, project the B model onto an appropriate

image plane.

Eight or more correlated points are needed to lock down the caera geometries. If there
are only small changes between each image, high quality caiations (i.e. lots of points,
low false positives) between neighboring images are strditforward to achieve using the
Kalman ltering techniques described above. The least squees process is very cheap and
SO it seems very reasonable to expect that this correlation auld be achieved in real-time.
However, given the ratio of the UAV velocity time scale and the sampling rate is not small,
there may be some subtleties which were not considered at thevorkshop.

Triangulation

Performance issues aside, the natural approach now is to uglke recti ed images to attempt
to correlate as many points as possible (remembering that wenly need to search along
a line to nd potential correlations). These points can then be triangulated and each
triangle \warped" onto the 3D mesh. Much more detail about this process, along with
some impressive results and further references can be foumadl chapter 24 of [3]. Note that
this step could be expensive for complicated scenes, but weale no data about the costs
of this. However, there are many possibilities for optimizdion. If the change in camera
position is small between consecutive images and the largasdance from the camera to any
features means that one could restrict the search area for ntehing features to a subset of the
epipolar line. Depending on the objectives of the mosaickig process, the algorithm could
be focused on newly revealed areas, ignoring areas that hapeeviously been reconstructed
(and where no movement is detected).

Area correlation

An alternative approach is to use an area correlation techrmjue ([1], Section 6.4). Rather
than matching speci c image features, start with a pair of recti ed images and measure
optimal horizontal shift of a particular sub-region of one image to maximize the correlation
with the other image. This horizontal shift is known as the disparity. The smaller the
distance to a feature, the greater the disparity, thus the awrage distance to a sub-region
can be determined from the optimal disparity measurement reulting from the correlation
process. With small enough sub-regions and accurate enouglata, this could be used to
build up an accurate 3D map (in fact, it basically reduces to afairly ine cient form of feature
matching). However, the advantage of the correlation techique is that the computational
cost of the correlation process can be controlled by choosinlarger, more coarsely grained,
sub-regions; the trade-o being that the coarser graining snooths out 3D model. For the
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Figure 13: Broadway and 34th, New York, NY, http://maps.goo gle.com

mosaicking problem, the sub-region size could be chosen teetan order of magnitude larger
than buildings, thus producing an approximation of the topography.

Once the topography is established, we can map every pixel dhe image to a satellite
view as if it that pixel is at the topographic distance. The perspective of non-horizontal
features in the resulting image will be distorted, but all features will be placed at or close to
their correct geographic position. We call this the \Google Maps" e ect. Figure 13 shows
a clip of Google Maps where photos from three di erent perspetives have been stitched
together. Note that in the mosaicking application a mixture of of perspective distortions
like this would only be seen if the UAV revisited an area from adi erent direction. An
examination of Google Maps should provide a good indicationof whether this kind of
perspective distortion would be too distracting to an operédor.

6 Related Work

While much research has been conducted into mosaicking twoichensional images to form a
larger map, and more work has been done in reconstructing tree dimensional information
from two dimensional data, there is less research into consiicting a two dimensional map
from images containing three dimensional information.

A survey article on image registration methods [5] breaks dan the problem along similar
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lines that we considered. The four basic steps are feature tkction, feature matching,
mapping function design, and image translation and resamphg. They further divide the
problem into area based and feature based approaches. We tala feature based approach
to image mosaicking. This survey article covers a very broadange of applications including
remote sensing, medical imaging, computer vision and regisring a scene to a model. Issues
in remote sensing include many that are not relevant to the poblem we studied, including
occlusion of larger areas due to cloud cover. Also, most ren® sensing approaches assume
that the sensor is far enough away from the scene that 3D artdcts can be ignored.

Recently, a number of approaches have looked at mosaickingnages from handheld
cameras [6, 7, 8]. The paper most relevant to our approach lds at mosaicking images
with parallax [6]. In this paper, the authors are looking at dierent views taken by a
handheld camera, so they cannot exploit information such ashe speed of the plane. The
scenes used as examples are indoor scenes, and do not havedhme issues of shadows and
terrain di erences evident in our problem. Still, there are many similarities. The authors
make use of two heuristics. Their rst heuristic uses featues and "planar plus parallax"
transformations and is similar to the approaches that we stulied. Their second approach
uses all the pixels in the scene, and approximates the scens a set of small planar patches.
Other researchers [7] use a similar approach and informatio from a pair of cameras to
separate an image into planar sub-scenes, and mosaic eachbsscene individually. We
discarded these area based approaches as being to computatally expensive for the kinds
of images being acquired from a UAV.

The problem we are investigating lies between remote senginfrom satellite images and
mosaicking images taken from handheld cameras on the ground

Relevant references: [9] [10], [11].

Another approach to this project is to attempt to create a thr ee dimensional model of
the imaged objects. This is much more ambitious than 2-D imag compilation. First the
relative position and orientation of the camera must be infered from multiple images and
tracked points. Once these camera orientations are known, & can choose edges and points
to construct a 3-D model of the objects on the ground. Anotheralternative is to break up
the image into small (approximately planar) regions, track points in those regions to nd
their orientation, and connect the regions to create a topogaphy of the area. Each of these
steps have been done in other applications, but often with hman intervention at critical
points in the creation process. Algorithm speed is of coursalso important and it is not
clear whether this approach would be feasible for a real timepplication.

7 Discussion

In this report, we have discussed several di erent methods dr determining satellite-view
data from perspective images. These methods can be categped into trying to solve for the
satellite view directly or to construct a three-dimensiond view of the objects and then nd
their projections on the ground surface. Note that the forme algorithm will require fewer
computational resources than the 3D reconstruction, but it also provides less information
about the environment. Further, both of these methods are sbject to distortion (as is
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the current algorithm), and the perspective images on whichthey are based amplify the
distortion errors.

In the process of developing these methods, the current toglown view algorithm is bet-
ter understood and its errors are quanti ed. The current algorithm removes two symmetries
that are found in the full three-dimensional problem. The r st xes the relevant angle
from vertical (since the ideal view is directly downward), while the mosaicking algorithm
xes the length scale based on the rst image. Since the UAV issubject to signi cant
movement both vertically and in terms of its heading, then this information, in some form,
is needed to convert the feature information of the image inb spatial information of the
environment.

The UAV currently has instrumentation that determines heading and velocity over time,
but to a relatively low degree of accuracy. However, even ifhis information is known to
some error |, it can be constructive to interpreting the image data for the mosaicking
algorithm. For example, in the two-dimensional problem of nding ordinates (x;;y;) along
the centerline of the image, we note that if the angle is known to within some error |,
and the altitude H is know up to some error |, then from (3), (4),
wH qH vyl

;X =

y:Htan + w H

which is accurate up to O( ). To correct for the instrumentation error, a sequence of
measurements X(); y()) can be calculated and standard statistical methods can be sed to
determine better approximations for the true values of x;y).

Appendix: Three-Dimensional Geometrical Equations

From the geometrical viewpoint a useful paradigm problem isthat of locating points Py with

a camera moving arbitrarily above the earth. The calculations are simplest to motivate by
restricting the problem to 2-D. There are two frames of refeence that were considered to
study the problem. The rst, shown in gure 14 is xed in the ea rth. It was however is
easier to think of the camera as being at the center of a \plantrium" with the points Py
producing stars on the spherical surface that move as changes, these points have polar
angle 1(<|) with respect to some axis as shown in gure 15.

The key question we ask is \for a given number of pointsK how large must! be for us
to be able to nd the Py from the (2"

We observe K 1) values of |((') (k =2:::;K) in each image but cannot observe the
unknowns of the height H® and the orientation § of the camera (in the planetarium
frame these corresponds to unknowns() and (). Thus by applying simple geometry we

have the K 1 equations
Pe= HOtan( "+ O k=2;:::K

From thesel (K 1) equations we have to determine theK + 21 unknowns Py, '1 andH'.
In determining these we know that there is a scale invarianceso we can arbitrarily set the
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origin of the axes to beP; = 0 and set a length scale by takingP, = 1. For the solution to
be determined we therefore require

(K 1) K=+2I 2 |
(K1) or K 3

The previous naive argument can be generalized to more praal situations. First for
the case where we consider a 2D problem but the earth is no loeg taken to be at, so
that the Py are not collinear. We take the |((') to be the measured polar angles between the
points P; and Px (we can consider these 2D positions as complex variables)fegred to an
aircraft whose position (again complex) isz(). Hence

|

0 _ 0 pk'
TP,

There are thereforel (K 1) such nonlinear algebraic equations. These equations mube
solved for the unknown 2 coordinate components of thez(!) and the 2K 4 coordinate
components of thePy (note that P; can arbitrarily be assigned to (0 0) and P, to (1;0) in
order to assign the coordinate system in the earth). Hence tare may be su cient equations
if

K 2

K 3

Note that if we impose the additional requirement that the Py be collinear (the earth is
at) then we have | (K 1) equations for 2 + K 2 unknowns which retrieves the results
in (7).
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1 Introduction

Making smaller and less expensive disk drives is critical fosuccess in many consumer
electronic devices. One aspect that is under constant examation for improvement is steady
ight of the disk heads. They y only nanometers above the disks which are rotating at
7200 rpm or more. While the spinning of the disks and the viscos entrainment of the
air within the drive allows the heads to v, it also creates dynamic secondary ows that
may bu et the head. This may necessitate the design of more guhisticated controllers to
combat induced vibration or limit how narrow a track may be.

It seems reasonable that one can design the internal structe of the disk drive to
mitigate the e ects of these secondary ows. The ow in the drive had been investigated to
some degree already using direct solution of the Navier-St@s equations using proprietary
software at Hitachi. While it seems to be a very good model giing good understanding
of the ow in the drive, it is rather computationally expensi ve, requiring weeks to run.
The purpose of this problem was to investigate simpler modal for use in designing an
appropriate ow. Perhaps the main idea is compute a good soltion for a diverter that
causes a decreased ow past the read heads and thus reduces éting of the heads; Figure
1 illustrates the basic idea.

A number of ideas were proposed that are discussed below. Thke ideas included: a
lumped parameter model for the ow inside the drive; change he head/suspension design
to prevent shedding of vortices; insert a uttering blocker to prevent shedding vortices from
the head/suspension assembly; computing the results of darter shapes using compressible
Euler equation models; apply shape optimization algorithns to the solvers to try to design
an optimal diverter. All but the rst tried to simplify the pr  oblem by studying only a local
area near where ow would be diverted from within the spinning disks, just upstream of
the heads; this is the darkened region in Figure 2. The rst agproach modeled the whole
drive with a small ode system calibrated with some known quatities from the drive.

What results we have will be presented in the following sectins, followed by Discussion
and Summary sections.
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Figure 1. Sketch of disk drive and diverter purpose. The cirte represents the counterclock-
wise spinning disks; there angular speed i5. The long polygon to the right represents the
arm that positions the heads; the irregular polygon represats the diverter, upstream of the

heads, that diverts ow through the rest of the disk drive (ar rows) in an e ort to reduce

bu eting of the heads.

Figure 2: The computational models from the workshop for boh the compressible inviscid
and incompressible viscous models solve a problem in the daned region indicated in the
sketch.
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2 A formulation

A sketch of the region of the disks away from the heads, but inktiding the enclosure (shroud)
around the disks; the space between the rotating disks can b@ewed as a channel that drags

_ fixed

//7shroud

Figure 3: Sketch of part of disks away from the read/write heals and the including
the shroud which does not rotate.

air around with this assembly as it rotates with angular speal ! . The separation between
the platters, h, is 2mm. The Reynolds number is around 3000-7000 based dm The
azimuthal ow is basically rigid body rotation, but di eren tin di erent horizontal sections.
[I don't like the previous sentence; from that sentence it sands like it's a shear ow, not
rigid body rotation.] The ow between the disks is sketched in Figure 4. This sort of pro le

Top Disk
D \Y
V/2
- V
Bottom Disk

Figure 4: Velocity pro le between the disks away from the real/write heads.

illustrates that diverting the ow away from the gap between the disks may not be as easy
as it appears; the diverter certainly can't touch the disks, where the ow is fastest.
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There are certainly categories of secondary ows, like Getler vortices, where the ow
leaves the disks and ows through the control and other mechaisms away from the disk.

Several formulations are attempted here. One is a circuit, olumped parameter model
for the drive. The remaining ideas involve inviscid ow. One involves changing the shape
of the head/support structure to prevent vortex shedding. Computational models are also
developed in the region indicated in Figure 2. One model willassume that the Reynolds
number is large enough to treat the ow as a compressible imscid ow for which the
compressible Euler equations are solved. Finally, there & results from numerical solution
of the incompressible Navier-Stokes equations.

3 Lumped parameter model

In this approach, the physical ow is reduced to a lumped paraneter model in analogy
with electric circuit models, and the complex space-time ewlution of the actual system is
approximated by discrete elements and ordinary di erential equations. If the elements give
a su ciently close approximation to the system, then the model can be used to great e ect.
This approach is used successfully in vibration analysis [1 heat transfer and cooling of
electronic equipment [2] and other applications.

In this problem, the analogy with electric circuits is given in Table 1. The following

Electric Hydraulic
Voltage drop, V = IR | Pressure drop, p= qr
Voltage, [V]=V Pressure, p] = Pa
Current, [I]1= A Volume Flux, [q] = m?s

1 —-— n —-— k
Resistance, R] = Flow \Drag", [r]= -3

Table 1: The analogy with electric circuits; the units of the analogous quantities are given.

equivalent circuit approximates the disk drive. There are three paths for ow, with the
middle part of the circuit representing ow that is diverted away from the rotating disks,
particularly the part of the disks where the heads .

The air ow through a spinning hard drive can be modeled e ectively by an analogy
between an electric circuit and the hydraulic behavior of the air owing through the hard
drive device. The quantities are outlined Table 1. The e ective circuit is shown in Figure 5.
From Kirchho 's laws, we are able to use the e ective circuit to come up with the following
dimensional system of equations

d= Om + O,
P1 = Gl
p1 = kp +— Q;

p1= (2 )+ m+ Kp(2 )+ — O,
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'w 1

W?
1, . =

Figure 5: E ective circuit model. The hydraulic circuit of t he air ow in the hard disk drive
is shown at the right. The spinning disks produce an e ectivepressure drop that drives the
ow ¢. Note that the angle in the model describes the arc outside the \middle-channel:

by analyzing the ow of air g through the entire device, around the bottom loop, around
the upper loop, and through the center, respectively. The plysical resistance of the bypass
iS Iy, the pressure drop acrossy,» is given by k, g (where k;, is a proportionality constant
so thatry2/ ), and the introduction of pressure to the system by the pump B given by
( g= ). The parameter represents the \mass ux" through the device which is given

b
y Z g, Z g, L
Mass Flux = V Hdr = H Irdr = ZH! (R? R3);
Ro Ro 2
where the radii Rg and R1 represent the inner and outer radii of the hard drive, respetvely.
As shown in Figure 6 we rescale the variables as

aq= a,
Pi=[pl= p;
r = Kpf;

where the overbar represents dimensionless variables. Téileads to the following dimen-
sionless system

0= Omn + Op; (1)
P= MGy, (2)
p= 1+ M )a; )
p= (2 )+ (Mrm+ M (2 )+ 1) Om: (4)

where the parameterM  kp =
From (4) we can nd an equivalent expression forrp,
1 p+(2 )

mE= g g M@ )+ ©)
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9
P

Figure 6: Air pumping characteristics of the spinning disks Top: Pressure as a function of
rotation rate. Bottom: Angle dependence.

The remaining equations (1)-(3) can be solved in terms of theow in the middle section gn

a= 1+:/IMzrbir/lnrb ©
b - l+(l\1/|+|-\|-/|M)rO: )
P = Mrpg: (8)
With this and (5), we nd that
(= Iy i 2Mrp[l+M ]+(@2+ M )1+ M(2 ) ©)
On[l+M + Mry] M 1+M + Mry
Sincer, 0, this gives us an upper limit on the value ofgy, which we call g ,
47 MM ]+(1I\irR/| a+M@ (10)
The power P of the circuit is given by
P=(rm+ )&+ rpg+(2 )P
which can with (6)-(9) be written in the form
P=AQ+Bgn+C; (11)
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where
A rp(l+ M )2+(2 )(Mrp )2
- L+ M( +ryp)?
1 2Mrp[1+M J+(1+ M )[I+M2 ) 12
M 1+ M + Mry (12)
_ Mo [Mry (2 ) @A+ M )ry]
B = [1+M +Mrb]+2 1+ M( +rp)? (13)
c ro+2 ] (14)

@+ M( +r)?°

The optimization problem can then be phrased in the followirg way: Given a prescribed
power levelP = Ag?+ Bq + C, whereq is found in (10), nd a g, such that P = P
and gn < q . This problem requires, at least, that A< 0 and P > C, and its solution is
given by

To better describe this process, recall that in the case witlout an obstruction (rp, = 0)
the air ows more easily in the disks than through the remainder of the casing, orr,  ry,.
This ansatz leads to the following asymptotic forms,

rb:ML;M! 0: (15)

and r, = O(1=M). Using (15) in (11), we nd
rr+3) g +[ A1+r) 2lgn+ 2=0: (16)

A typical graph of the power as a function of the middle air ow rate g is shown in Figure
7a. Notice that the reference power level is given withg, = g, and that a smaller ow
rate exists which gives the same power level. In Figure 7b, wehow the equivalent graph
but with the e ective additional middle resistance Mr , shown along the vertical axis.
Hence, this lumped parameter model suggests that there is aesistance that will both
lower the ow around the reader arm with potentially a small p ower cost. The remaining
sections of the report discuss how to determine the conneain between the uid mechanics
and this resistance, and if there are other e ects which mitgate the viability of this model.

4 Compressible Navier-Stokes Model

In this section, we focus on small part of the ow eld where the uid is diverted from
owing with the rotating disks and is sent through the remain ing area of the drive. The
idea is to explore the trade o between getting more ow diverted vs. higher torque required
to spin the disks. This is a serious design issue that can be plored more rapidly than for
a full direct computation. Here we frame the question as folbbws: What function for the
diverter shape,f (y), will divert the most momentum out through the bottom outle t?
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20

15

10

(@) (b)

Figure 7: Plot of power levels (a) and e ective middle-chanrel resistancer, as a function
of the ow rate through the middle section ¢,. The green dashed curve corresponds to the
power P . Parameter values in this plotareM !'1 ,r=1,and =3 =2.

For this optimization problem, consider the shaded region n Figure 2. We want to
maximize the momentum through the bottom outlet:
Z
max (v) Aads : a7

f outlet

At the same time we have constraints

@ +r (d) = 0, (18)
@(v)+r (v ®)+rP r2y % r(r 4 = 0; (19)
@ p 1:4 +4H T p 1:4 - 0, (20)
for isentropic ow, with appropriate boundary conditions.
The basic idea of the approach is to de ne a function based onhe boundary, f ,
z

J(f) = (v) nds (21)

outlet

wheref is from the set of permissible boundariesy . If we are careful with our de nitions
then V is a Hilbert space with an associated inner product. Then we ray use steepest
descent method to optimize. In that case, we determine a seah direction based on a
gradient

J(f +w) = J(f)+ < Grads J;w > +o(kwk); (22)
forany f; g 2 V. Choose
w = a Grad;J; (23)
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where a is a free parameter, 0< a 1. One can de ne a search direction based on a
steepest descent scheme. This approach can be problematietause: (a) convergence can
be slow; (b) choosing the free parameter may require multipg solves

An example of a local problem to which the shape optimizationcould be applied.

Results for this problem are shown in Figure 8. These comput#ons show a developing
layer by the diverter; further computations are needed in a ggometry such as this.

A more promising approach may be to choose a search directiobased on the \PDE
Sensitivity Equation Method" (see [3])

5 Incompressible Navier-Stokes T-channel

The following results were found by Drs. Hendriks and Duy using proprietary Navier-
Stokes solvers. There is a series of results for a T-channelhe ow enters at the left;
passing straight through corresponds to air following the dsks. Flow turning down the
other channel corresponds to being diverted away from the diks and heads and through
the rest of the drive. The series of results that now follow hae diverters at various angles,
or no wall at all. The diverter in this sequence of results is athin rectangular wall sticking
out into the main channel at an angle of 30, 60 or 90 with respect to the side wall of the
channel.

The rst result, shown in Figure 9 is for a T-channel without a ny diverter wall at all.
The next results, shown in Figures 10 through 12, are for a T-aannel with a diverter wall
at 90 , 60 and 30 angles to the channel wall. Note that the diverter wall is corstant length
here. We see that the maximum diversion occurs for the 90diverter. It seems likely that
the optimum diversion came from the largest fraction of the draight channel being blocked
by the diverter.

6 Inviscid Flow

Perhaps the biggest contribution from trying approaches lke this was to use a local problem
to try to design a diverter; this reduced the problem to a much smaller problem and more
rapidly solved problem than that posed by a direct Navier-Stokes simulation of the whole
disk drive.

6.1 Ideas from Complex Variables

In this subsection, we list some ideas that in principle empby complex variables.

One idea is to put a cross plate on the end of a splitter plate onthe leading edge of
the actuator arm, as illustrated in Figure 13. Complex variable methods could be used to
design the plate and splitter to put a separating streamlineas illustrated.

6.2 Compressible Flow

Compressible ow in a T-channel with various diverter geomdries was considered. The
ow is assumed to be inviscid and thus described by the Euler guations, which, for two-
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Density For Initial Flow

Velocity Norm For Initial Flow

Figure 8: Density (top) and norm of the velocity (bottom) for a local computation
near the diverter. The diverter in this computation is the in clined line at the right;
the vertical line at the left edge is the shroud. The horizontal boundary at the top
is an inlet from the spinning disk and the bottom boundary is the outlet into the
rest of the drive away from the platters.
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Branched pipe simulation Uleft=2 misec; Farfield cond’n at bottom, right IH‘TACH|

nspire the Next

Leak flow: 2.06e-3 kg/fsec/m
Right outlet flow: 23.27e-3 kg/sec/m

(same as p =0BC’s)

@ 2006 Hitazhi Global Storage Technologies I ] D

Figure 9: The ow in a model T-channel without any diverter. T he mass ux
diverted away from the main channel is small.

Branched pipe simulation Uleft =2 misec; Farfield cond’n at bottom, ACHI
right - ANGLED FENCE 90 DEGREES spire the Next

Inflow: 2.32e-2 kgfsec/m
Leak: 1.238e-2 kg/misec
Outflow (right) 1.082e-2 kg/m/sec

1@ 2006 Hitashi Global Storage Technologies I ] l:‘

Figure 10: The ow in a model T-channel with a 90 diverter. The mass ux
diverted away from the main channel is increased.
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Branched pipe simulation Uleft =2 misec; Farfield cond’'n at bottom,
right - ANGLED FENCE 60 DEGREES

Inflow: 2.323e-2 kg/sec/m
Leak: 1.0875e-2 kg/sec/m
Outflow (right) 1.235e-2 kgfsec/m

@ 200 Hitachi Global Storage Technologies I ] D

Figure 11: The ow in a model T-channel with a 90 diverter. The mass ux
diverted away from the main channel is increased.

Branched pipe simulation Uleft =2 misec; Farfield cond’n at bottom,
right - ANGLED FENCE 30 DEGREES

Inflow: 2.323e-2 kgfsec/m
Leak: 1.045e-2 kgisec/m
Quitflow (right) 1.273e-2 kg/sec/m

@ 2006 Hitachi Global Storage Technologies I ] D

Figure 12: The ow in a model T-channel with a 90 diverter. The mass ux
diverted away from the main channel is increased.
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Cross plate

Separating Streamline

[_dead Actuator arm — oo
-...dead
U

—_— Suggested length to

suppress vortex shedding

Figure 13: The splitter with a cross plate on the leading edgeof the actuator arm
could be designed to have a separating streamline meet the ater of the actuator
arm. The splitter plate on the trailing edge (admittedly for viscous e ects), could
eliminate vortex shedding.

dimensional ow, take the form
ug + fx(u) + gy(u) =0;

where

3 2 3 2
u \%

=§ 0L w=f el aw-f e L
E u(E +p) V(E +p)

The state of the ow at a position (X;y) and time t is given by u(x;y;t) which involves the
density , the velocity (u;v) and the total energy E. The later has the form

1
E = T AR A
1 5 U+ vV

for an ideal gas with ratio of speci c heats .

Numerical solutions of the Euler equations were obtained usg the ow solver CGCNS
which is part of the Overture framework of codes [4]. The ow domain was discretized using
a composite overlapping grid which consists of a set of struared curvilinear grids that
overlap where they meet [5]. This discretization techniqueenables a smooth and accurate
representation of a wide range of complex ow geometries, iduding the ones considered
in this section. The governing equations are solved numerally using a time-dependent,
conservative, shock-capturing scheme. In this scheme, theumerical ux calculations are
performed using a second-order, slope-limited Godunov mabd with Roe-type approximate
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Figure 14: T-channel geometry with ow diverter.

Riemann solver [6]. The basic method of investigation of the ow was to choose a T-
channel geometry with ow diverter and suitable initial con ditions and boundary conditions
(discussed below), and then integrate the governing equabns numerically until the ow

settled to steady state if one existed.

The T-channel geometry with ow diverter used in this study i s shown in Figure 14.
The gap height in the channel is normalized to 1 and the lengthof the channel is taken to
be 8. A portion of the inlet ow on the left is diverted downwar d to a vertical channel of
width 0:4 by a rigid diverter block of height H above the bottom wall of the T-channel.
The ow in the region downstream of the diverter expands to acommodate a return to
the original unit gap height of the channel. The ow enters the T-channel with velocity
taken to be 02 in the x direction. The pressure of the inlet ow was normalized to 1 and
the density was set to 14 so that the sound speed in the inlet ow is 1 (assuming =1:4
for air). Thus the Mach number of the inlet ow is 0 :2 which corresponds to a velocity of
approximately 70 m=s.

Numerical calculations of the ow were performed for two values ofH using a composite
overlapping grid for each case. For example, the overlappim grid for the caseH = 0:5 is
shown in Figure 15. The overlapping grid consists of three amponent grids. There is a
background Cartesian grid with grid spacings x = y = 0:01 for the bulk of the ow
domain, and two boundary- tted grids with similar grid spac ings to handle the geometry
of the ow diverter and vertical channel. It is noted that the sharp corners in the channel
geometry are smoothed to eliminate any geometric singulaties in the governing equations.

Let us rst consider the long-time, steady state solution in the T-channel with ow
diverter for H = 0:5. Figure 16 shows shaded contours of the density and th& and y
components of velocity att = 120. The plot of density shows that there is a relatively high
compression in the ow as it accelerates around the upper tipof the diverter but that the
value of density is close to initial value of 1.4 otherwise. The x component of velocity, u, is
essentially zero in the downward diverter channel, and show a transition from a value of
0:23, approximately, in the upper two thirds of the channel downstream of the diverter and
a lower value of 013 in the lower third of the channel. The y component of velocity, v, is
close to zero everywhere in the steady ow, except at the frohof the diverter where there
is a large positive value forv and the ow turns upward to round the tip of the diverter.
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Figure 15: Composite overlapping grid for the T-channel gemetry with ow diverter for
H =0:5.

Figure 16: Steady state density and thex and y components of velocity for the T-channel
geometry with ow diverter for H =0:5.
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Figure 17: Density and the x-component of velocity at x = 8 for the T-channel geometry
with ow diverter for H =0:5.

The behavior of the density and normal component of velocityat the two outlets of the
T-channel are shown in Figures 17 and 18. The solution at thes locations may be used to
determine the mass ow rate at each outlet. For example, the kehavior of the ow at the
outlet of the T-channel downstream of the diverter is shown n Figure 17. Here, we note
that the density is nearly constant taking a value slightly less that its upstream value of
1.4 while the velocity shows a transition fromu = 0:13 near the bottom of the channel at
y =0 to u = 0:23, approximately, near the top of the channel aty = 1. (The color of the
marks in the gure correspond to the colors of the component gids in Figure 15 and thus
indicate from which grid the solution is obtained.) The mass ow rate is computed using a
numerical quadrature of the formula

Z,
Qo = . (y)u(xy)dy;  x=8;

and found to be Q; = 0:2712. In contrast, the behavior of the ow at the outlet of the
downward diverter channel is shown in Figure 18, and these its show very little variation
in both the density and velocity, v. The mass ow rate here is given by

Zy

Q1= cy)v(y)dx;  a=3; b=3:14 y= 12
a

and found to be Q; = 0:0088. The sum ofQg and Q; equals the mass ow rate into the
T-channel which is 028. Hence, for this channel geometry, only 3% of the mass from the
inlet ow is diverted downward from the main ow stream.

A T-channel with a larger value of H for its diverter was considered to study the resulting
ow behavior and to determine whether a larger fraction of the main ow stream could be
diverter. For example, the behavior of the ow for the caseH = 0:75 is shown in Figure 19.
For this value it was found that the ow does not achieve a stealy state due to vortices shed
periodically from the upper tip of the diverter. The plots in the gure show the density at
timest = 192, 198 and 204, and these are provided to give some indidanh of the unsteady
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Figure 18: Density and they-component of velocity aty = 1.2 for the T-channel geometry
with ow diverter for H =0:5.

behavior. This unsteadiness is considered to be undesirablfor the downstream ow as it
interacts with the read/write head and its support (not mode led in this simulation). Thus,
we nd a trade o between the desire to increase the mass ow rde in the diverted ow
and unsteadiness of the main ow downstream of the diverter.

7 Fluttering Blocker

A suggestion was made by Dr. L. Mahadevan to consider an obstde to be place ahead of
the ying heads, between the disks, that uttered and presumably disrupted the formation
of von Karman vortices behind the disk heads. An illustration of the idea is shown in Figure
20. In favor of the idea is the existence of many utter modes hat could help destroy any
vortices otherwise shed from the heads and high drag could gdivert ow from the heads.
On the other hand fabrication issues for device likely to be élicate and exible could be
daunting. Further, the frequencies at which the device woudl have to operate would be in
the audible egime. The noise produced by the uttering device eliminates this method to
be used due to customer demands for quiet disk-drive operain.

8 Discussion

The methods to eliminate the ow between disks in a hard disk dive from impacting the
reading of data has been signi cantly challenging. In this report, we note that the presence
of an obstruction requires more power for the device. Howeve the lumped parameter
model suggests that the power cost of the obstruction may notbe that severe. A better
guantitative study based on the e ective values of the paraneters to speci ¢ drives needs
to be investigated in order to determine if this model is relable.

The additional modeling rests on understanding the uid ow in the region local to
the diverter. In all cases the geometry of the diverter was snpli ed to a straight line at
an angle from the unobstructed ow direction. Preliminary numerical results show that
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Figure 19: Time-dependent behavior of thex-component of velocity for the T-channel
geometry with ow diverter for H = 0:5. Plot times from top to bottom are t = 192, 198
and 204.

Y 5

Disk
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Figure 20: The mesh for the initial calculations; the mesh wa generated with OGen.
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Figure 21: The Ultrastar C10K147 hard disk (shown on the righ) implements the ow
diverter to help increase disk performance.

the ow can be diverted away from the reader arm appropriately. A steady Navier-Stokes

simulation of a T-junction suggests that the best diverter angle is normal to the mean ow

toward the diverter. However, a time-dependent investigaton of Euler's equations suggests
that minimizing the mass ow rate toward the reader arm induc es unsteady behavior that
propagates toward the reader arm. Such behavior could not hae been predicted from a
lumped parameter model.

In conclusion, a full study of the diverter shape to be used taminimize the bu eting felt
by the reader arm from the unsteady ow is needed. Needless teay that this study is needed
to help improve the design and performace of these hard diskBetween the workshop and
the proceedings, Hitachi has come out with a server hard diskhat implements this diverter
idea (see Figure 21).
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